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In this note an answer is given to the following question: In what case is

the universal covering space of a metric space M with metric � isometric

to the Euclidean space, the Lobachevsky space, or the sphere, when M is

assumed to permit rotation in Busemann's sense on some open ball neighbor-

hood B(x; �

x

); �

x

> 0, of each of its points (i.e., for any points a; a

0

; b; b

0

in

B(x; �

x

) such that �(xa) = �(xa

0

); �(xb) = �(xb

0

), and �(ab) = �(a

0

b

0

), there

exists an isometry of the ball B(x; �

x

) onto itself, keeping x �xed and sending

a to a

0

and b to b

0

?

� ±±¬®²°¨¬ ¬¥²°¨·¥±ª®¥ ¯°®±²° ­±²¢® M ± ¬¥²°¨ª®© �, ¤®¯³±ª ¾¹¥¥ ¢ ­¥-

ª®²®°®© ®²ª°»²®© ¸ °®¢®© ®ª°¥±²­®±²¨ B(x; �

x

); �

x

> 0; ª ¦¤®© ±¢®¥© ²®·ª¨

x ¢° ¹¥­¨¥ ¢ ±¬»±«¥ �³§¥¬ ­ , ².¥. ¤«¿ «¾¡»µ ²®·¥ª a; a

0

; b; b

0

¨§ ¸ °  B(x; �

x

)

² ª¨µ, ·²® �(xa) = �(xa

0

); �(xb) = �(xb

0

) ¨ �(ab) = �(a

0

b

0

) ±³¹¥±²¢³¥² ¨§®¬¥-

²°¨·¥±ª®¥ ®²®¡° ¦¥­¨¥ ¸ °  B(x; �

x

) ­  ±¥¡¿, ®±² ¢«¿¾¹¥¥ ²®·ª³ x ­  ¬¥±²¥

¨ ¯¥°¥¢®¤¿¹¥¥ a ¢ a

0

¨ b ¢ b

0

. �¯° ¸¨¢ ¥²±¿, ¢ ª ª®¬ ±«³· ¥ ¡³¤¥² ¨§®¬¥²°¨·­®

¥¢ª«¨¤®¢³ ¯°®±²° ­±²¢³, ¯°®±²° ­±²¢³ �®¡ ·¥¢±ª®£® ¨«¨ ±´¥°¥ ³­¨¢¥°± «¼­®¥

­ ª°»¢ ¾¹¥¥ ¯°®±²° ­±²¢® ¤«¿ ¯°®±²° ­±²¢  M?

�²³ § ¤ ·³ ¬®¦­® ° ±±¬ ²°¨¢ ²¼ ª ª «®ª «¼­»© ¢ °¨ ­² §­ ¬¥­¨²®© ¯°®-

¡«¥¬» �¥«¼¬£®«¼¶ -�¨. � ¨¡®«¥¥ ³¤®¢«¥²¢®°¨²¥«¼­®¥ °¥¸¥­¨¥ ¯°®¡«¥¬» ¤ ­®

¢ ±² ²¼¥ �.�°�¥©¤¥­² «¿ [1]. �­ «®£¨·­»¥ °¥§³«¼² ²» ¡»«¨ ¯®«³·¥­» ¨ ¤°³-

£¨¬¨ ¨±±«¥¤®¢ ²¥«¿¬¨ (±¬.«¨²¥° ²³°³ ¢ [2]).

�§¢¥±²¥­ ±«¥¤³¾¹¨© «®ª «¼­»© ¢ °¨ ­² °¥¸¥­¨¿ ¯°®¡«¥¬» �¥«¼¬£®«¼¶ -

�¨, ¯°¨­ ¤«¥¦ ¹¨© �.�³§¥¬ ­³.

�¥®°¥¬  A. �±«¨ ª ¦¤ ¿ ²®·ª  x G-¯°®±²° ­±²¢  �³§¥¬ ­  < M; � >

¨¬¥¥² ¸ °®¢³¾ ®ª°¥±²­®±²¼ B(x; �

x

); �

x

> 0; ¤®¯³±ª ¾¹³¾ ¢° ¹¥­¨¥ ¢ ±¬»-

±«¥ �³§¥¬ ­ , ²® ³­¨¢¥°± «¼­®¥ ­ ª°»¢ ¾¹¥¥ ¯°®±²° ­±²¢® ¤«¿ M ¿¢«¿¥²±¿

½«¥¬¥­² °­»¬, ².¥. ¥¢ª«¨¤®¢»¬ ¯°®±²° ­±²¢®¬ E

n

, ¯°®±²° ­±²¢®¬ �®¡ -

·¥¢±ª®£® H

n

¨«¨ ±´¥°¨·¥±ª¨¬ ¯°®±²° ­±²¢®¬ S

n

[3, c.411].
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�« ¢­»¬ ®²«¨·¨¥¬ ¨§« £ ¥¬®£® ­¨¦¥ °¥§³«¼² ²  ®² ²¥®°¥¬» A ¿¢«¿¥²±¿

®²ª § ®² «®ª «¼­®© ¯°®¤®«¦ ¥¬®±²¨ ¨ ¥¤¨­±²¢¥­­®±²¨ ª° ²· ©¸¥©.

�» ° ±±¬ ²°¨¢ ¥¬ ¤ «¥¥ ²®«¼ª® «®ª «¼­® ª®¬¯ ª²­®¥ ¬¥²°¨·¥±ª®¥ ¯°®-

±²° ­±²¢® M ± ¢­³²°¥­­¥© ¬¥²°¨ª®© �.

�¡®§­ ·¨¬ ·¥°¥§ r(x) ²®·­³¾ ¢¥°µ­¾¾ £° ­¨¶³ ¢±¥µ ·¨±¥« r > 0 ² ª¨µ,

·²® § ¬ª­³²»© ¸ ° B

0

(x; r) ¿¢«¿¥²±¿ ª®¬¯ ª²­»¬ ¯®¤¬­®¦¥±²¢®¬. �³±²¼ ¤ «¥¥

p(x) ¥±²¼ ²®·­ ¿ ¢¥°µ­¿¿ £° ­¨¶  ¢±¥µ ·¨±¥« p

x

> 0, ®²¢¥· ¾¹¨µ ²®·ª¥ x 2M

² ª¨µ, ·²® ¥±«¨ y; z 2 B(x; p

x

), ²® y ±®¥¤¨­¿¥²±¿ ± z ª° ²· ©¸¥©. � ª ¨§¢¥±²­®,

´³­ª¶¨¿ p(x) «¨¡® ¤«¿ ¢±¥µ x ¯°¨­¨¬ ¥² §­ ·¥­¨¥ +1, «¨¡® ®­  ¢±¾¤³ ª®­¥·­ 

¨ ­¥¯°¥°»¢­ .

�´®°¬³«¨°³¥¬ ±«¥¤³¾¹¨¥  ª±¨®¬».

(A1) � ¦¤®© ²®·ª¥ x 2 M ±®¯®±² ¢«¥­® ·¨±«® d(x) > 0, ®¡« ¤ ¾¹¥¥ ±¢®©-

±²¢®¬: ¥±«¨ Is(x) ®¡®§­ · ¥² £°³¯¯³ ¢±¥µ ¨§®¬¥²°¨© ¸ °  B

0

(x; d(x)) ­  ±¥¡¿,

²® Is(x) ¤¥©±²¢³¥² ½´´¥ª²¨¢­® ¨ ²° ­§¨²¨¢­® ­  ª ¦¤®© ±´¥°¥ S(x; r), £¤¥

0 < r < d(x) ¨ �(x) = x ¤«¿ «¾¡®© ¨§®¬¥²°¨¨ � 2 Is(x).

(A2) �«¿ ª ¦¤®© ²®·ª¨ x 2M ±³¹¥±²¢³¥² ·¨±«® �

x

> 0 ² ª®¥, ·²®

�

x

< min(d(x); r(x); p(x))

¨ ¢»¯®«­¿¾²±¿ ³±«®¢¨¿:

a) ±´¥°  S(x; r) ±¢¿§­  ¤«¿ «¾¡®£® r; 0 < r � �

x

;

b) ±³¹¥±²¢³¾² ¤¢¥ ° §«¨·­»¥ ²®·ª¨ a

r

; b

r

2 S(x; r); 0 < r � �

x

, ° §¤¥«¿¾¹¨¥

S(x; r), ².¥. S(x; r) n fa

r

; b

r

g = A

1

\ A

2

, £¤¥ A

1

[ A

2

= ;; A

1

; A

2

{ ­¥¯³±²»¥

®²ª°»²»¥ ¢ S(x; r) n fa

r

; b

r

g ¯®¤¬­®¦¥±²¢ ;

c) ¤«¿ ª ¦¤®£® r; 0 < r � �

x

±³¹¥±²¢³¥² ¨§®¬¥²°¨¿ � 2 Is(x) ² ª ¿, ·²®

�(a

r

) 2 A

1

¨ �(b

r

) 2 A

2

«¨¡® �(a

r

) 2 A

2

¨ �(b

r

) 2 A

1

.

(A3) �«¿ ª ¦¤®© ²®·ª¨ x 2 M ¸ ° B(x; d(x) ¤®¯³±ª ¥² ¢° ¹¥­¨¥ ¢ ±¬»±«¥

�³§¥¬ ­ .

(A4) �«¿ ª ¦¤®© ²®·ª¨ x 2M ­ ©¤¥²±¿ ²®·ª  y 2M ² ª ¿, ·²®

�(xy) < min(d(x); d(y); �

y

):

(A5) �¥¦¤³ «¾¡»¬¨ ¤¢³¬¿ ª° ²· ©¸¨¬¨, ¨±µ®¤¿¹¨¬¨ ¨§ ¯°®¨§¢®«¼­®©

²®·ª¨ x 2 M , ±³¹¥±²¢³¥² ³£®« ¢ ±¬»±«¥ �.�. �«¥ª± ­¤°®¢ . �°¨·¥¬ ±³¹¥-

±²¢³¾², ¯® ª° ©­¥© ¬¥°¥, ¤¢¥ ª° ²· ©¸¨¥, ¨±µ®¤¿¹¨¥ ¨§ ²®·ª¨ x, ± ­¥­³«¥¢»¬

³£«®¬ ¬¥¦¤³ ­¨¬¨.

� ¬¥²¨¬, ·²®  ª±¨®¬  (A2) ¿¢«¿¥²±¿ «®ª «¼­»¬ ¢ °¨ ­²®¬  ª±¨®¬�°¥©¤¥­-

² «¿ (S) ¨ (Z) (±¬.[1]). �°¨ ½²®¬ ¶¥«¼ ³±«®¢¨¿ b) { ´¨ª±¨°®¢ ²¼ ° §¬¥°­®±²¼

±´¥°, ¨¬¥¿ ¢ ¢¨¤³ ®¤­®¬¥°­»¥ ±´¥°» ¨, ±«¥¤®¢ ²¥«¼­®, ¤¢³¬¥°­®¥ ¯°®±²° ­-

±²¢®.

�ª±¨®¬» (A3) ¨ (A4) { ½²® ¢±¥£® «¨¸¼ ³±¨«¥­¨¥  ª±¨®¬» (A1). �°¨·¥¬ (A4)

¯®§¢®«¿¥² ¨±ª«¾·¨²¼ ¨§ ° ±±¬®²°¥­¨¿ ¯°®±²° ­±²¢  ± ¬­®£®£° ­­»¬¨ ¬¥²°¨-

ª ¬¨.

�¯°¥¤¥«¥­¨¥ 1. �°®±²° ­±²¢® M , ³¤®¢«¥²¢®°¿¾¹¥¥  ª±¨®¬ ¬ (A1)� (A5),

­ §»¢ ¥²±¿ r-¯°®±²° ­±²¢®¬.
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�¥®°¥¬  B [2]. �³±²¼ M ¯®«­®¥ r-¯°®±²° ­±²¢®. �®£¤ M ¥±²¼ ¤¢³¬¥°­®¥

G-¯°®±²° ­±²¢® �³§¥¬ ­ , ³­¨¢¥°± «¼­®¥ ­ ª°»¢ ¾¹¥¥ ¤«¿ ª®²®°®£® ½«¥¬¥­-

² °­®, ².¥. ¿¢«¿¥²±¿ ¥¢ª«¨¤®¢®© ¯«®±ª®±²¼¾, ¯«®±ª®±²¼¾ �®¡ ·¥¢±ª®£® ¨«¨

±´¥°®©.

�¯°¥¤¥«¥­¨¥ 2. � §®¢¥¬ r-¯«®±ª®±²¼¾, «¥¦ ¹¥© ¢ ¯°®±²° ­±²¢¥ M , «¾¡®¥

¯®¤¬­®¦¥±²¢® A �M , ª®²®°®¥ ¡³¤³·¨ ­ ¤¥«¥­­»¬ ¨­¤³¶¨°®¢ ­­®© ¬¥²°¨ª®©

¿¢«¿¥²±¿ ¯®«­»¬ r-¯°®±²° ­±²¢®¬.

�¢¥¤¥¬ ±«¥¤³¾¹¨¥  ª±¨®¬»:

S

1

. � ¯°®±²° ­±²¢¥M ±³¹¥±²¢³¥² µ®²¿ ¡» ®¤­  r-¯«®±ª®±²¼, ¨ ·¥°¥§ ª ¦¤»¥

²°¨ ²®·ª¨ ¨§ ¸ °  B(x; �

x

); 0 < �

x

< d(x), £¤¥ x 2 M { ¯°®¨§¢®«¼­ ¿ ²®·ª ,

¯°®µ®¤¨² r-¯«®±ª®±²¼.

S

2

. �±«¨ xy ª° ²· ©¸ ¿, ±®¥¤¨­¿¾¹ ¿ x ¨ y, ² ª ¿, ·²® x; y 2 B(z; �

z

) ¨ x; y

¯°¨­ ¤«¥¦ ² r-¯«®±ª®±²¨ A, ²® xy � A.

�¯° ¢¥¤«¨¢ ,  ­®­±¨°®¢ ­­ ¿ ¢ [5],

�¥®°¥¬  C. �±«¨ M ¯®«­®¥ «®ª «¼­® ª®¬¯ ª²­®¥ ¬¥²°¨·¥±ª®¥ ¯°®±²° ­-

±²¢® ± ¢­³²°¥­­¥© ¬¥²°¨ª®© �, ³¤®¢«¥²¢®°¿¾¹¥¥  ª±¨®¬ ¬ (A3); S

1

; S

2

, ²®

M ¥±²¼ G-¯°®±²° ­±²¢® �³§¥¬ ­ , ³­¨¢¥°± «¼­®¥ ­ ª°»¢ ¾¹¥¥ ¤«¿ ª®²®°®£®

½«¥¬¥­² °­®, ².¥. ¿¢«¿¥²±¿ ®¤­¨¬ ¨§ ²°¥µ E

n

;H

n

; S

n

; N � 2.

�®ª § ²¥«¼±²¢®. �°®¢¥°¨¬ ±¯° ¢¥¤«¨¢®±²¼  ª±¨®¬ I-V G-¯°®±²° ­±²¢ 

�³§¥¬ ­  [3, c.54].

�°®±²° ­±²¢® M ¿¢«¿¥²±¿ ®£° ­¨·¥­­® ª®¬¯ ª²­»¬ ¢ ±¨«³ ²®£®, ·²® M {

¯®«­®¥ ¯°®±²° ­±²¢® ± ¢­³²°¥­­¥© ¬¥²°¨ª®© [4, c.75].

�±«¨ ­ ¬ ¤ ­» ¤¢¥ ° §«¨·­»¥ ²®·ª¨ x; z, ²® ¡« £®¤ °¿ ¯®«­®²¥ ¯°®±²° ­-

±²¢  M ±³¹¥±²¢³¥² ª° ²· ©¸ ¿ xz. �«¥¤®¢ ²¥«¼­®, ¥±«¨ y 2 xz, ²® �(xy) +

�(yz) = �(xz).

� ª¨¬ ®¡° §®¬, ¤«¿ ¯°®±²° ­±²¢  M ¢»¯®«­¿¾²±¿  ª±¨®¬» I-III G-

¯°®±²° ­±²¢  �³§¥¬ ­ .

�¯° ¢¥¤«¨¢®±²¼  ª±¨®¬» IV ¢»²¥ª ¥² ¨§  ª±¨®¬» S

1

. � ± ¬®¬ ¤¥«¥, ¯³±²¼

y; z 2 B(x; �

x

). �®§¼¬¥¬ ¥¹¥ ²®·ª³ u 2 B(x; �

x

) ¨ ¯°®¢¥¤¥¬ ·¥°¥§ y; z ¨ u r-

¯«®±ª®±²¼ A. �ª±¨®¬  IV £®¢®°¨², ·²® ª° ²· ©¸³¾ yz ¬®¦­® ¯°®¤®«¦¨²¼ § 

²®·ª³ z. �®±ª®«¼ª³, ±®£« ±­®  ª±¨®¬¥ S

2

, ª° ²· ©¸ ¿ yz «¥¦¨² ¢ A, ²® ¤®±² -

²®·­® ¯°®¤®«¦¨²¼ yz §  ²®·ª³ z ¢ r-¯«®±ª®±²¨ A. �®±«¥¤­¥¥ ¢®§¬®¦­®, ¨¡® A

¯® ²¥®°¥¬¥ B ¥±²¼ G-¯°®±²° ­±²¢® �³§¥¬ ­ .

�®ª ¦¥¬ ±¯° ¢¥¤«¨¢®±²¼  ª±¨®¬» V. �®±² ²®·­® ³±² ­®¢¨²¼ «®ª «¼­³¾

¥¤¨­±²¢¥­­®±²¼ ª° ²· ©¸¥©, ±®¥¤¨­¿¾¹¥© ¡«¨§ª¨¥ ²®·ª¨. � ½²®¬ «¥£ª® ³¡¥-

¤¨²¼±¿, ¥±«¨ ®¡° ²¨²¼±¿ ª ²®¬³, ª ª ³±² ­ ¢«¨¢ « ±¼  ª±¨®¬  V ¯°¨ ¤®ª § -

²¥«¼±²¢¥ ²¥®°¥¬» 4 ¨§ [2] (¢±¥ ° ±±³¦¤¥­¨¿ ¤¥« ¾²±¿, ¯® ±³¹¥±²¢³, ¤«¿ ­¥ª®²®-

°®© r-¯«®±ª®±²¨, ¯°®µ®¤¿¹¥© ·¥°¥§ ²®·ª¨ u; z

1

; z

2

{ ±¬. ¯®¤°®¡­®±²¨ ¢ [2, c.63,

¯³­ª² (b)] ).

�°¥¤¯®«®¦¨¬, ·²® ±ª®«¼ ³£®¤­® ¡«¨§ª¨¥ ²®·ª¨ ¢ M ¬®¦­® ±®¥¤¨­¨²¼ ­¥

¥¤¨­±²¢¥­­®© ª° ²· ©¸¥©. �³±²¼ x 2 M ¨ A ­¥ª®²®° ¿ r-¯«®±ª®±²¼, ¯°®µ®¤¿-

¹ ¿ ·¥°¥§ x. �«¿ r-¯«®±ª®±²¨ A, ±®£« ±­® ²¥®°¥¬¥ 3 ¨§ [2], ±³¹¥±²¢³¥² ·¨±«®


