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Aording to the algebrai geometry over groups, presented by Myasnikov and

Remeslennikov, we give a lassifiation of alebrai sets in G

1

, where G is a

free produt of abelian groups without involutions. It is used the theory of

ultraproduts.

1. Ââåäåíèå. Ôîðìóëèðîâêà îñíîâíîé òåîðåìû

Â ñòàòüå [1℄ äàíî îïèñàíèå êîîðäèíàòíûõ ãðóïï íåïðèâîäèìûõ àëãåáðàè÷åñêèõ

ìíîãîîáðàçèé, êîòîðûå çàäàþòñÿ ñèñòåìàìè óðàâíåíèé îò îäíîé ïåðåìåííîé,

íàä ñâîáîäíîé êîíå÷íîïîðîæäåííîé ãðóïïîé. Â ñòàòüå [5℄ òàêîå îïèñàíèå äàíî

äëÿ ãðóïïû, ÿâëÿþùåéñÿ ñâîáîäíûì ïðîèçâåäåíèåì öèêëè÷åñêèõ. Öåëü ýòîé

ñòàòüè � îáîáùèòü ýòî îïèñàíèå äëÿ ãðóïïû, ÿâëÿþùåéñÿ ñâîáîäíûì ïðîèçâå-

äåíèåì àáåëåâûõ ãðóïï.

Âñå îïðåäåëåíèÿ â äàííîé ðàáîòå âçÿòû èç ñòàòüè [1℄, çíàêîìñòâî ñ êîòîðîé

íåîáõîäèìî äëÿ ïîíèìàíèÿ èçëîæåííîãî çäåñü ìàòåðèàëà.

Ïóñòü G � ãðóïïà, ÿâëÿþùàÿñÿ ñâîáîäíûì ïðîèçâåäåíèåì àáåëåâûõ ãðóïï

áåç èíâîëþöèé, òî åñòü G =

r

�

i=1

A

i

, ãäå ãðóïïà A

i

� àáåëåâà è íå ñîäåðæèò ýëå-

ìåíòîâ âòîðîãî ïîðÿäêà, i 2 f1; :::; rg, r > 2. Äëÿ ëþáîé àáåëåâîé ãðóïïû A è

ëþáîãî íàòóðàëüíîãî ÷èñëà n îïðåäåëèì ïàðàìåòð �

n

(A) ñëåäóþùèì îáðàçîì:

ïóñòü A [n℄ � n-ûé ñëîé ãðóïïû A, òî åñòü A [n℄ = fa 2 Aja

n

= 1g. Òàê êàê A [n℄ �

îãðàíè÷åííàÿ àáåëåâà ãðóïïà, òî îíà ðàçëàãàåòñÿ â ïðÿìóþ ñóììó öèêëè÷åñêèõ

ãðóïï. Òîãäà �

n

(A) � ìàêñèìàëüíîå ÷èñëî öèêëè÷åñêèõ ãðóïï ïîðÿäêà n ïî

âñåì òàêèì ðàçëîæåíèÿì ãðóïïû A [n℄, ïðè óñëîâèè, ÷òî ýòîò ìàêñèìóì ÿâëÿ-

åòñÿ íàòóðàëüíûì ÷èñëîì, â ïðîòèâíîì ñëó÷àå �

n

(A) ðàâíî ñèìâîëó 1. Áóäóò

äîêàçàíû ñëåäóþùèå òåîðåìû.

Òåîðåìà 1.1. Ëþáàÿ êîîðäèíàòíàÿ ãðóïïà G

Y

íåïðèâîäèìîãî àëãåáðàè÷åñêî-

ãî ìíîæåñòâà Y � G, G-èçîìîð�íà ãðóïïå îäíîé èç ñëåäóþùèõ ñåðèé:

1.1. �ðóïïà G.
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2.1. G � hti.

2.2. hG; tj [u; t℄ = 1i, ãäå u 2 Gn f1g � êîðíåâîé ýëåìåíò áåñêîíå÷íîãî ïîðÿä-

êà.

2.3. hG; tj [A

i

; t℄ = 1i, ãäå A

i

� îäèí èç ìíîæèòåëåé ãðóïïû G, ïðè óñëîâèè,

÷òî A

i

� ãðóïïà íåîãðàíè÷åííîãî ïåðèîäà.

3.1. G � htjt

n

= 1i, ãäå n 2 O (G), O (G) � ìíîæåñòâî ïîðÿäêîâ ýëåìåíòîâ

ãðóïïû G.

3.2. hG; tj [A

i

; t℄ = t

n

= 1i, ãäå n 2 O (G), A

i

� îäèí èç ìíîæèòåëåé ãðóïïû

G, ïðè óñëîâèè, ÷òî �

n

(A

i

) =1.

Çàìå÷àíèå 1. Ýëåìåíòû êîíå÷íîãî ïîðÿäêà ãðóïïû G ñîïðÿæåíû ýëåìåíòàì

ãðóïï A

i

, i 2 f1; :::; rg, ïîýòîìó ìíîæåñòâî O (G) ñîñòîèò èç êîíå÷íûõ ïîðÿäêîâ

ýëåìåíòîâ ãðóïï A

i

, i 2 f1; :::; rg. Ñìîòðè [2℄.

Òåîðåìà 1.2. Ïóñòü D � íåãëàâíûé óëüòðà�èëüòð íàä ñ÷åòíûì ìíîæå-

ñòâîì I è ïóñòü

�

G- óëüòðàïðîèçâåäåíèå G

I

=D. Òîãäà ëþáàÿ G-ïîäãðóïïà

P <

�

G ñ îäíèì G-ïîðîæäàþùèì G-èçîìîð�íà ãðóïïå îäíîé èç ñåðèé, ïå-

ðå÷èñëåííûõ â òåîðåìå 1.1.

Òåîðåìà 1.3. Ïóñòü V = V

1

[ : : :[V

k

� ðàçëîæåíèå àëãåáðàè÷åñêîãî ìíîæå-

ñòâà V � G

1

íà íåïðèâîäèìûå êîìïîíåíòû. Òîãäà V

i

èìååò îäíó èç ñëåäóþùèõ

�îðì:

1.1. Îäíà òî÷êà v 2 G

1

.

2.1. Âñå ïðîñòðàíñòâî G

1

.

2.2. Ìíîæåñòâî gC (u)h, ãäå g; h 2 G, C (u) =< u > � öåíòðàëèçàòîð

ýëåìåíòà u 2 Gn f1g áåñêîíå÷íîãî ïîðÿäêà, êîðíåâîãî.

2.3. Ìíîæåñòâî gA

i

h, ãäå g; h 2 G, ãäå A

i

� îäèí èç ìíîæèòåëåé ãðóïïû

G, ïðè óñëîâèè, ÷òî A

i

� ãðóïïà íåîãðàíè÷åííîãî ïåðèîäà.

3.1 Ìíîæåñòâî gT

0;n

h, ãäå g; h 2 G, T

0;n

� ìíîæåñòâî âñåõ ýëåìåíòîâ

ãðóïïû G, ïîðÿäîê êîòîðûõ ÿâëÿåòñÿ äåëèòåëåì n.

3.2 Ìíîæåñòâî gA

i

[n℄ h, ãäå g; h 2 G, ïðè óñëîâèè, ÷òî �

n

(A

i

) =1.

Äîêàçàòåëüñòâî áóäåò ïðîâåäåíî ïðè ïîìîùè ñåðèè ëåìì. ×àñòü ëåìì àíà-

ëîãè÷íû ëåììàì, äîêàçàííûì â ñòàòüå [1℄. Êðîìå òîãî, äîáàâëåíû ëåììû, îò-

âå÷àþùèå çà ñëó÷àè, êîãäà ýëåìåíò t èìååò êîíå÷íûé ïîðÿäîê (ëåììà 5.6), è

êîíå÷íóþ äëèíó (òåîðåìà 5.1).

2. Óëüòðàñòåïåíè è êîîðäèíàòíûå ãðóïïû íåïðèâîäèìûõ

àëãåáðàè÷åñêèõ ìíîæåñòâ

Ïóñòü I � íåêîòîðîå ìíîæåñòâî è P (I) � áóëåâà àëãåáðà âñåõ ïîäìíîæåñòâ

ìíîæåñòâà I.

Îïðåäåëåíèå 2.1. Ôèëüòð íàä I � ýòî ïîäìíîæåñòâî � ìíîæåñòâà P (I)

òàêîå, ÷òî:
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(i) A 2 � è A � B � I âëå÷åò B 2 �;

(ii) A;B 2 � âëå÷åò A \ B 2 �.

Óëüòðà�èëüòð � ýòî �èëüòð D, óäîâëåòâîðÿþùèé òðåòüåìó óñëîâèþ:

(iii) äëÿ âñåõ A 2 P (I) â òî÷íîñòè îäíî èç ìíîæåñòâ A èëè InA ïðèíàäëåæèò

D.

Ïóñòü fG

i

ji 2 Ig � ñåìåéñòâî ìíîæåñòâ, èíäåêñèðîâàííîå ìíîæåñòâîì I, ãäå

G

i

' G, è ïóñòü D � óëüòðà�èëüòð íàä I. Óëüòðàñòåïåíü

Q

i2I

G

i

�

D îïðåäåëÿ-

åì êàê �àêòîðìíîæåñòâî

Q

i2I

G

i

�

�, ãäå ýêâèâàëåíòíîñòü � îïðåäåëÿåòñÿ ñëå-

äóþùèì îáðàçîì: (x

i

)

i2I

� (y

i

)

i2I

âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà

fi 2 Ijx

i

= y

i

g 2 D.

Äàëåå íà ìíîæåñòâå G îïðåäåëåíà ñòðóêòóðà ãðóïïû. Îáîçíà÷èì

Q

i2I

G

i

�

D

÷åðåç

�

G.

�

G � ýòî ãðóïïà ñ èíäóöèðîâàííûìè îïåðàöèÿìè èç G. Îòîáðàæåíèå

� :

Q

i2I

G

i

!

�

G ÿâëÿåòñÿ ãîìîìîð�èçìîì ãðóïï.

Îïðåäåëåíèå 2.2. Ïóñòü S � G [X℄, ãäåX = fx

1

; : : : ; x

n

g. Ìíîæåñòâî V

G

(S) =

fp 2 G

n

j8f 2 S; f (p) = 1g íàçûâàåòñÿ àëãåáðàè÷åñêèì ìíîæåñòâîì íàä G, îï-

ðåäåëÿåìûì S.

Ïóñòü � � ìíîæåñòâî ïîäìíîæåñòâ ãðóïïû G, ñîñòîÿùåå èç ìíîæåñòâ Y

è óäîâëåòâîðÿþùåå óñëîâèþ: äëÿ ëþáîãî x =2 Y ñóùåñòâóåò êîíå÷íûé íàáîð

àëãåáðàè÷åñêèõ ìíîæåñòâ Y

0

1

; :::; Y

0

k

òàêîé, ÷òî x =2

k

[

i=1

Y

0

i

, Y �

k

[

i=1

Y

0

i

.

Ìíîæåñòâî � óäîâëåòâîðÿåò óñëîâèÿì òîïîëîãèè çàìêíóòûõ ìíîæåñòâ:

(1) ;; G 2 � ;

(2) äëÿ ëþáîãî êîíå÷íîãî íàáîðà Y

1

; :::; Y

k

2 �

k

[

i=1

Y

i

2 � ;

(3) äëÿ ëþáîãî ìíîæåñòâà èíäåêñîâ I è ëþáîãî ìíîæåñòâà fY

i

2 � ji 2 Ig

\

i2I

Y

i

2 � .

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî âñå àëãåáðàè÷åñêèå ìíîæåñòâà çàìêíóòû.

Îïðåäåëåíèå 2.3. Àëãåáðàè÷åñêîå ìíîæåñòâî Y íàçûâàåòñÿ òîïîëîãè÷åñêè

ïðèâîäèìûì, åñëè îíî ðàñêëàäûâàåòñÿ â îáúåäèíåíèå ñâîèõ ñîáñòâåííûõ ïîä-

ìíîæåñòâ, ÿâëÿþùèõñÿ çàìêíóòûìè ìíîæåñòâàìè. Àëãåáðàè÷åñêîå ìíîæåñòâî

Y íàçûâàåòñÿ àëãåáðàè÷åñêè ïðèâîäèìûì, åñëè îíî ðàñêëàäûâàåòñÿ â îáúåäè-

íåíèå ñâîèõ ñîáñòâåííûõ ïîäìíîæåñòâ, ÿâëÿþùèõñÿ àëãåáðàè÷åñêèìè ìíîæå-

ñòâàìè.

Ïðåäëîæåíèå 2.1. Àëãåáðàè÷åñêîå ìíîæåñòâî Y òîïîëîãè÷åñêè ïðèâîäè-

ìî òîãäà è òîëüêî òîãäà, êîãäà îíî àëãåáðàè÷åñêè ïðèâîäèìî.

Äîêàçàòåëüñòâî. Åñëè Y àëãåáðàè÷åñêè ïðèâîäèìî, òî Y =

k

[

i=1

Y

i

, ãäå Y

i

�

àëãåáðàè÷åñêèå ñîáñòâåííûå ïîäìíîæåñòâà ìíîæåñòâà Y . Òàê êàê âñå àëãåáðà-

è÷åñêèå ìíîæåñòâà çàìêíóòû, òî èç ýòîãî ðàçëîæåíèÿ ñëåäóåò, ÷òî Y òîïîëîãè-

÷åñêè ïðèâîäèìî. Îáðàòíî, åñëè Y òîïîëîãè÷åñêè ïðèâîäèìî, òîãäà Y =

k

[

i=1

Y

i

,
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ãäå Y

i

� çàìêíóòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà Y . Ïîñêîëüêó Y

i

�

ñîáñòâåííîå, òî ñóùåñòâóåò x

i

=2 Y nY

i

. Ïî îïðåäåëåíèþ çàìêíóòîãî ìíîæåñòâà

ñóùåñòâóþò Y

i;1

; :::; Y

i;l

i

� àëãåáðàè÷åñêèå, òàêèå, ÷òî x

i

=2

l

i

[

j=1

Y

i;j

, Y

i

�

l

i

[

j=1

Y

i;j

.

Ïóñòü Y

0

i;j

= Y \ Y

i;j

, òîãäà x

i

=2

l

i

[

j=1

Y

0

i;j

, ñëåäîâàòåëüíî, Y

0

i;j

� ñîáñòâåííûå àë-

ãåáðàè÷åñêèå ïîäìíîæåñòâà ìíîæåñòâà Y , è Y =

k

[

i=1

l

i

[

j=1

Y

0

i;j

. Ïîëó÷èëè, ÷òî Y

àëãåáðàè÷åñêè ïðèâîäèìî.

Ïîñêîëüêó àëãåáðàè÷åñêàÿ è òîïîëîãè÷åñêàÿ ïðèâîäèìîñòü ñîâïàäàþò, òî

áóäåì íàçûâàòü òîïîëîãè÷åñêè ïðèâîäèìûå ìíîæåñòâà è àëãåáðàè÷åñêè ïðèâî-

äèìûå ìíîæåñòâà ïðèâîäèìûìè.

Îïðåäåëåíèå 2.4. Ïóñòü S � G [X℄ � ñèñòåìà óðàâíåíèé íàä G, è ïîëîæèì

Y = V

G

(S). Òîãäà ìû îïðåäåëèì

Rad (S) = Rad (Y ) = ff 2 G [X℄ j8p 2 Y; f (p) = 1g.

ÍàçîâåìRad (S) ðàäèêàëüíûì èäåàëîì, îïðåäåëåííûì ñèñòåìîé S (èëè îïðå-

äåëåííûì Y ). Î÷åâèäíî, Rad (S) � âñåãäà íîðìàëüíàÿ ïîäãðóïïà G [X℄.

Îïðåäåëåíèå 2.5. Ôàêòîð-ãðóïïà G

Y

= G

S

= G [X℄/Rad (S) íàçûâàåòñÿ

êîîðäèíàòíîé ãðóïïîé àëãåáðàè÷åñêîãî ìíîæåñòâà Y .

Îïðåäåëèì îòîáðàæåíèå ' : �

Y

!

Q

p2Y

G (p) ñëåäóþùèì îáðàçîì: êàæäîìó

ìíîãî÷ëåíó h 2 �

Y

ñîïîñòàâëÿåòñÿ âåêòîð, èíäåêñû êîòîðîãî � òî÷êè ìíîæå-

ñòâà Y , êîîðäèíàòû çíà÷åíèÿ ìíîãî÷ëåíà h íà ñîîòâåòñòâóþùèõ òî÷êàõ. Ýòî

îòîáðàæåíèå ÿâëÿåòñÿ ãîìîìîð�èçìîì è âëîæåíèåì, òî åñòü ker' = f1g. Íîñè-

òåëü ýëåìåíòà h 2 �

Y

� ýòî ìíîæåñòâî fp 2 Y jh (p) 6= 1g.

Îïðåäåëåíèå 2.6. �ðóïïà G íàçûâàåòñÿ CSA-ãðóïïîé, åñëè âûïîëíÿþòñÿ

ñëåäóþùèå óñëîâèÿ:

1) äëÿ ëþáîãî h 2 Gn f1g åãî öåíòðàëèçàòîð C (h) â ãðóïïå G àáåëåâ;

2) äëÿ ëþáûõ h 2 Gn f1g è g 2 GnC (h), C (h) \ g

�1

C (h) g = 1.

Ïðèìåð. �ðóïïà G, îïðåäåëåííàÿ â ïàðàãðà�å 1, ÿâëÿåòñÿ CSA-ãðóïïîé. Â

ñàìîì äåëå, îíà ÿâëÿåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì CSA-ãðóïï áåç ýëåìåíòîâ

âòîðîãî ïîðÿäêà, à ïîòîìó ïî òåîðåìå 4 èç ñòàòüè [6℄ îíà ñàìà ÿâëÿåòñÿ CSA-

ãðóïïîé.

Îñíîâíûì ðåçóëüòàòîì ïàðàãðà�à 2 ÿâëÿåòñÿ

Òåîðåìà 2.1. Êîîðäèíàòíàÿ ãðóïïà ëþáîãî íåïðèâîäèìîãî àëãåáðàè÷åñêîãî

ìíîæåñòâà íàä íåàáåëåâîé CSA-ãðóïïîé G âêëàäûâàåòñÿ â óëüòðàñòåïåíü

�

G

ïî íåêîòîðîìó óëüòðà�èëüòðó D (êîîðäèíàòíûå ãðóïïû, óëüòðàñòåïåíü è

âëîæåíèå ìû ðàññìàòðèâàåì â êàòåãîðèè G-ãðóïï).

Îñíîâíûå îïðåäåëåíèÿ êàòåãîðèè G-ãðóïï ñîäåðæàòñÿ â [7℄. Äîêàçàòåëüñòâî

òåîðåìû 2.1 ìû ïðîâåäåì ïðè ïîìîùè ñåðèè ïðåäëîæåíèé.
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Ïðåäëîæåíèå 2.2. Ïóñòü Y � íåïðèâîäèìîå àëãåáðàè÷åñêîå ìíîæåñòâî,

�

Y

� åãî êîîðäèíàòíàÿ ãðóïïà. Òîãäà äëÿ ëþáîãî êîíå÷íîãî íàáîðà h

1

; :::; h

k

2

�

Y

n f1g ïåðåñå÷åíèå íîñèòåëåé

k

\

i=1

supp (h

i

) íå ïóñòî.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå: íàøëèñü ýëåìåíòû h

1

; :::; h

k

2

�

Y

n f1g òàêèå, ÷òî

k

\

i=1

supp (h

i

) = ;. Òîãäà �îðìóëà

k

_

i=1

(h

i

= 1) âûïîëíÿåòñÿ

íà âñåõ ýëåìåíòàõ ìíîæåñòâà Y . Òî åñòü, åñëè S

i

= fS

Y

h

i

= 1; Y

i

= V

G

(S

i

)g,

òî Y =

k

[

i=1

Y

i

. Äàëåå, äëÿ âñåõ i = 1; :::; k, òàê êàê h

i

íå ðàâåí òîæäåñòâåí-

íî åäèíèöå íà Y , òî Y

i

6= Y . Îòáðîñèì ïóñòûå ìíîæåñòâà Y

i

. Ïîëó÷èì íàáîð

fY

0

i

j i = 1; :::; k

0

g òàêîé, ÷òî Y =

k

0

[

i=1

Y

0

i

, ãäå Y

0

i

� ñîáñòâåííûå ïîäìíîæåñòâà Y ,

ÿâëÿþùèåñÿ àëãåáðàè÷åñêèìè ìíîæåñòâàìè. Ýòî ïðîòèâîðå÷èò íåïðèâîäèìî-

ñòè Y .

Ïðåäëîæåíèå 2.3. Ïóñòü ãðóïïà G ÿâëÿåòñÿ CSA-ãðóïïîé, Y � íåïðè-

âîäèìîå àëãåáðàè÷åñêîå ìíîæåñòâî â G. Òîãäà åãî êîîðäèíàòíàÿ ãðóïïà �

Y

ÿâëÿåòñÿ CSA-ãðóïïîé.

Äîêàçàòåëüñòâî. Íàì íóæíî ïðîâåðèòü, ÷òî äëÿ ãðóïïû �

Y

âûïîëíÿþòñÿ

óñëîâèÿ 1) è 2) îïðåäåëåíèÿ CSA-ãðóïïû.

1) Ïóñòü h

1

; h

2

; h

3

2 �

Y

, h

1

6= 1, [h

1

; h

2

℄ = 1, [h

1

; h

3

℄ = 1. Ïðåäïîëîæèì,

÷òî [h

2

; h

3

℄ 6= 1. Ïî ïðåäëîæåíèþ 2.2 ñóùåñòâóåò g 2 G òàêîé, ÷òî h

1

(g) 6= 1,

[h

1

(g) ; h

2

(g)℄ = 1, [h

1

(g) ; h

3

(g)℄ = 1, [h

2

(g) ; h

3

(g)℄ 6= 1. Ýòî ïðîòèâîðå÷èò òîìó,

÷òî G ÿâëÿåòñÿ CSA-ãðóïïîé.

2) Ïðåäïîëîæèì, ÷òî âòîðàÿ ÷àñòü îïðåäåëåíèÿ CSA-ãðóïïû íå âûïîëíÿåòñÿ

â �

Y

. Òîãäà â �

Y

ñóùåñòâóþò ýëåìåíòû h

1

è h

2

òàêèå, ÷òî h

1

6= 1, [h

1

; h

2

6= 1℄

è ýëåìåíò h

3

6= 1 òàêîé, ÷òî [h

3

; h

1

℄ = 1,

�

h

2

h

3

h

�1

2

; h

1

�

= 1. Ïî ïðåäëîæåíèþ

2.2 ñóùåñòâóåò g 2 G òàêîé, ÷òî h

1

(g) 6= 1, [h

1

(g) ; h

2

(g)℄ 6= 1, h

3

(g) 6= 1,

[h

3

(g) ; h

1

(g)℄ = 1,

�

h

2

(g)h

3

(g)h

�1

2

(g) ; h

1

(g)

�

= 1. Òîãäà h

3

(g) 2 C

G

(h

1

(g)) \

h

1

2

(g)C

G

(h

1

(g)) h

2

(g). Ïîëó÷èëè ïðîòèâîðå÷èå ñ òåì, ÷òî G ÿâëÿåòñÿ CSA-

ãðóïïîé.

Ïðåäëîæåíèå 2.4. Ïóñòü �

Y

� êîîðäèíàòíàÿ ãðóïïà íåïðèâîäèìîãî àëãå-

áðàè÷åñêîãî ìíîæåñòâà Y íàä íåàáåëåâîé CSA-ãðóïïîé G. Òîãäà äëÿ ëþáûõ

h

1

; h

2

2 �

Y

n f1g ñóùåñòâóåò h

3

2 �

Y

n f1g òàêîé, ÷òî supp (h

3

) � supp (h

1

) \

supp (h

2

).

Äîêàçàòåëüñòâî. Åñëè [h

1

; h

2

℄ 6= 1, òî ïîëàãàåì h

3

= [h

1

; h

2

℄. Ïðåäïîëîæèì,

÷òî g 2 supp (h

3

). Òîãäà [h

1

(g) ; h

2

(g)℄ 6= 1 è h

1

(g) 6= 1, h

2

(g) 6= 1, ñëåäîâà-

òåëüíî, g 2 supp (h

1

) \ supp (h

2

) è â ýòîì ñëó÷àå âñå äîêàçàíî. Ïðåäïîëîæèì,

÷òî [h

1

; h

2

℄ = 1. Òàê êàê G íåàáåëåâà, òî �

Y

òîæå íåàáåëåâà, ñëåäîâàòåëüíî,

ñóùåñòâóåò h

4

2 �

Y

òàêîé, ÷òî [h

1

; h

4

℄ 6= 1. Òàê êàê G � CSA-ãðóïïà, òî ïî

óòâåðæäåíèþ 2.3 �

Y

� òîæå CSA-ãðóïïà. Òîãäà ïî óñëîâèþ 2) CSA-ãðóïïû, òàê

êàê h

4

=2 C (h

1

), òî h

4

h

1

h

�1

4

=2 C (h

1

). Ïî óñëîâèþ 1) CSA-ãðóïïû C (h

2

) àáåëåâ.

Òàê êàê h

1

2 C (h

2

),

�

h

1

; h

4

h

1

h

�1

4

�

6= 1, òî h

4

h

1

h

�1

4

=2 C (h

2

). Ïîëàãàåì h

3

=
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�èñ. 1.

�

h

2

; h

4

h

1

h

�1

4

�

. Âî-ïåðâûõ, h

3

6= 1. Âî-âòîðûõ, supp (h

3

) � supp (h

1

) \ supp (h

2

).

Èòàê, ïîëó÷èëè èñêîìûé ýëåìåíò.

Åùå äëÿ äîêàçàòåëüñòâà òåîðåìû 2.1 íàì ïîíàäîáèòñÿ ñëåäóþùèé îáùåèç-

âåñòíûé �àêò.

Ïðåäëîæåíèå 2.5. Ëþáîé �èëüòð ìîæåò áûòü âêëþ÷åí â óëüòðà�èëüòð.

Çàêîí÷èì äîêàçàòåëüñòâî òåîðåìû. Ïîñòðîèì �èëüòð � íàä ìíîæåñòâîì Y

ñëåäóþùèì îáðàçîì: � ñîñòîèò èç âñåõ íîñèòåëåé supp (h), ãäå h 2 �

Y

n f1g è èõ

íàäìíîæåñòâ (òî åñòü, åñëè supp (h) � B � �

Y

, òî B 2 �). Óñëîâèå î÷åâèäíî.

Óñëîâèå (ii) ñëåäóåò èç ïðåäëîæåíèÿ 2.4. Äåéñòâèòåëüíî, âîçüìåì A;B 2 �,

òîãäà ñóùåñòâóþò h

1

; h

2

2 �

Y

òàêèå, ÷òî supp (h

1

) � A, supp (h

2

) � B. Èç ýòîãî

ñëåäóåò, ÷òî supp (h

1

)\ supp (h

2

) � A\B. Ïî ïðåäëîæåíèþ 2.4 ñóùåñòâóåò h

3

2

�

Y

n f1g òàêîé, ÷òî supp (h

3

) � supp (h

1

)\supp (h

2

). Òîãäà supp (h

3

) � A\B � Y

è, ñëåäîâàòåëüíî, A \ B 2 �. Ïî ïðåäëîæåíèþ 2.5 �èëüòð � ðàñøèðÿåòñÿ äî

íåêîòîðîãî óëüòðà�èëüòðà D. Èìååì äèàãðàììó, èçîáðàæåííóþ íà ðèñóíêå 1.

Äîêàæåì, ÷òî ker = f1g. Òîãäà  áóäåò èñêîìûì âëîæåíèåì. Ïðåäïîëî-

æèì, ÷òî  (h) = 1, ãäå h 6= 1. Òîãäà ñóùåñòâóåò J 2 D òàêîé, ÷òî äëÿ ëþáîãî

p 2 J , h (p) = 1, íî supp (h)\J 6= ;. Ïîëó÷èëè ïðîòèâîðå÷èå. Òåîðåìà äîêàçàíà.

Ïðåäëîæåíèå 2.3 äîïóñêàåò îáðàùåíèå. Äëÿ åãî äîêàçàòåëüñòâà íàì ïîíàäî-

áèòñÿ ëåììà.

Ëåììà 2.1. Â íåàáåëåâîé CSA-ãðóïïå G ëþáàÿ íîðìàëüíàÿ íååäèíè÷íàÿ ïîä-

ãðóïïà H íåàáåëåâà.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî H àáåëåâà. Âîçüìåì ýëåìåíò h 2 Hn f1g.

Ïîñêîëüêó ãðóïïà G íåàáåëåâà, òî ïî óñëîâèþ (1) CSA-ãðóïïû ñóùåñòâóåò ýëå-

ìåíò, íå ïðèíàäëåæàùèé öåíòðàëèçàòîðó h, òî åñòü ñóùåñòâóåò g 2 GnC (h). Òàê

êàê H � àáåëåâà, òî H � C (h). Òàê êàê H íîðìàëüíàÿ, òî H \ g

�1

Hg 6= 1. Íî

H \g

�1

Hg � C (h)\g

�1

C (h) g, ñëåäîâàòåëüíî, C (h)\g

�1

C (h) g 6= 1. Ïîëó÷èëè

ïðîòèâîðå÷èå ñî âòîðûì óñëîâèåì CSA-ãðóïïû.

Ïðåäëîæåíèå 2.6. Ïóñòü G � íåàáåëåâà CSA-ãðóïïà, Y � àëãåáðàè÷åñêîå

ìíîæåñòâî íàä G. Åãî êîîðäèíàòíàÿ ãðóïïà �

Y

ÿâëÿåòñÿ CSA-ãðóïïîé òîãäà

è òîëüêî òîãäà, êîãäà ìíîæåñòâî Y íåïðèâîäèìî.
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Äîêàçàòåëüñòâî. Â îäíó ñòîðîíó ýòî óòâåðæäåíèå ñëåäóåò èç óòâåðæäåíèÿ

2.3. Îáðàòíî, ïóñòü �

Y

ÿâëÿåòñÿ CSA-ãðóïïîé. Ïðåäïîëîæèì, ÷òî Y ïðèâîäèìî.

Òîãäà Y =

k

[

i=1

Y

i

, ãäå Y

i

àëãåáðàè÷åñêèå ìíîæåñòâà, Y

i

6= Y . Ïî òåîðåìå �åìàêà

ñóùåñòâóåò âëîæåíèå �

Y

! �

Y

1

� ::: � �

Y

k

, ãäå �

Y

i

=

G [x℄

/

R

i

� ýòî �àêòîðû ïî

ñîîòâåòñòâóþùèì ðàäèêàëàì, �

Y

= G [x℄ /R , R = R

1

\R

2

\ ::: \ R

k

. Îáîçíà÷èì

R

0

= R

1

\ ::: \ R

k

. Ïîñêîëüêó Y

i

� ñîáñòâåííûå ïîäìíîæåñòâà è k 6= 1, òî ìî-

æåì ñ÷èòàòü, ÷òî R

1

6= R è R

0

6= R. Òîãäà ñóùåñòâóþò ýëåìåíò a 2 R

0

nR

1

è

ýëåìåíò b 2 R

1

nR

0

òàêèå, ÷òî èõ îáðàçû [a℄ è [b℄ â �

Y

íå ðàâíû åäèíèöå. Òàê

êàê R

1

è R

0

� íîðìàëüíûå ïîäãðóïïû G [x℄, òî  = [a; b℄ 2 R

1

\ R

0

= R. Ñëå-

äîâàòåëüíî, [℄ = 1 è [[a℄ ; [b℄℄ = 1. R

1

=R � íååäèíè÷íàÿ íîðìàëüíàÿ ïîäãðóïïà

�

Y

. Òàê êàê �

Y

� CSA-ãðóïïà, òî ïî ëåììå 2.1, R

1

=R íåàáåëåâà. Êðîìå òîãî,

îíà ÿâëÿåòñÿ CSA-ãðóïïîé, òàê êàê ñâîéñòâî CSA ñîõðàíÿåòñÿ äëÿ ïîäãðóïï.

Ïîýòîìó öåíòðàëèçàòîð C

R

1

=R

([b℄) àáåëåâ è íå ñîâïàäàåò ñ R

1

=R. Òî åñòü ñóùå-

ñòâóåò 

0

2 (R

1

=R) n f1g òàêîé, ÷òî [

0

; [b℄℄ 6= 1. Àíàëîãè÷íî, êàê äëÿ ýëåìåíòà b,

[[a℄ ; 

0

℄ = 1. Ïîëó÷èëè ïðîòèâîðå÷èå ñ ïåðâûì óñëîâèåì CSA-ãðóïïû, òàê êàê

ïî ýòîìó óñëîâèþ öåíòðàëèçàòîð C

�

Y

([a℄) äîëæåí áûòü àáåëåâûì.

Ïî òåîðåìå 2.1 âñå êîîðäèíàòíûå ãðóïïû íåïðèâîäèìûõ àëãåáðàè÷åñêèõ

ìíîæåñòâ íàä ãðóïïîé G âêëàäûâàþòñÿ â

�

G. Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåî-

ðåìû 1.1 äîñòàòî÷íî äîêàçàòü òåîðåìó 1.2 è ïðîâåðèòü, ÷òî âñå îäíîïîðîæäåí-

íûå ïîäãðóïïû

�

G ÿâëÿþòñÿ êîîðäèíàòíûìè ãðóïïàìè íåêîòîðûõ íåïðèâîäè-

ìûõ àëãåáðàè÷åñêèõ ìíîæåñòâ. Ýòî äåëàåòñÿ íåïîñðåäñòâåííûìè âû÷èñëåíèÿ-

ìè. Â òåîðåìå 1.3 ïðèâåäåíû ðåçóëüòàòû ýòèõ âû÷èñëåíèé.

3. Ôóíêöèè äëèíû íà ñâîáîäíûõ ïðîèçâåäåíèÿõ ãðóïï

Ïóñòü G � ñâîáîäíîå ïðîèçâåäåíèå ãðóïï, îïðåäåëåííîå âûøå. Òîãäà ëþáîé

ýëåìåíò ãðóïïû G èìååò îäíîçíà÷íóþ çàïèñü

g = g

1

: : : g

l

; (1)

ãäå ðÿäîì ñòîÿùèå ìíîæèòåëè ïðèíàäëåæàò ðàçíûì ãðóïïàì A

i

è íååäèíè÷íû.

Îïðåäåëèì öåëî÷èñëåííóþ �óíêöèþ äëèíû L : G ! Z, L (1) = 0. Åñëè

1 6= a 2 A

i

, òî L (a) = 1. Åñëè g çàïèñàí â âèäå (1), òî L (g) = l.

Òî, ÷òî òàê îïðåäåëåííàÿ �óíêöèÿ ÿâëÿåòñÿ �óíêöèåé äëèíû Ëèíäîíà, âû-

òåêàåò èç ñëåäóþùåé ëåììû.

Ëåììà A. Ïóñòü L

i

: G

i

! � � �óíêöèÿ äëèíû Ëèíäîíà íà ãðóïïå G

i

,

i = 1; 2. Îïðåäåëèì �óíêöèþ L : G

1

� G

2

! �. L (1) = 0 è åñëè g 2 G

i

, òî

L (g) = L

i

(g). Åñëè g = g

1

g

2

:::g

k

� íîðìàëüíàÿ �îðìà ýëåìåíòà g â ñâîáîäíîì

ïðîèçâåäåíèè G

1

� G

2

, òî L (g) =

k

P

j=1

L (g

j

). Òîãäà �óíêöèÿ L íà ñâîáîäíîì

ïðîèçâåäåíèè G

1

�G

2

ÿâëÿåòñÿ �óíêöèåé äëèíû Ëèíäîíà.

Äîêàçàòåëüñòâî. Ïðîâåðèì àêñèîìû �óíêöèè äëèíû (ñì. [1℄). Àêñèîìû (1)

è (2) ïðîâåðÿþòñÿ íåïîñðåäñòâåííî. Ïðîâåðèì àêñèîìó (3), òî åñòü, ÷òî äëÿ
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ëþáûõ g; h; k 2 G

 (g; h) > min f (h; k) ;  (k; g)g ;

ãäå  (g; h) =

1

2

(L (g) + L (h)� L (g

�1

h)). Çàìåòèì, ÷òî  (g; h) =  (h; g) äëÿ ëþ-

áûõ g; h 2 G

1

�G

2

. Òîãäà àêñèîìà (3) ýêâèâàëåíòíà ñëåäóþùåé �îðìóëå:

8g; h; k 2 G

1

�G

2

;  (g; h) >  (h; k))  (g; k) =  (h; k) (2)

Äîêàæåì �îðìóëó (2). Ïóñòü g = g

1

:::g

l

, h = h

1

:::h

m

, k = k

1

:::k

n

� ðàç-

ëîæåíèÿ â âèäå (1). Ïîëàãàåì g

0

= h

0

= k

0

= g

l+1

= g

m+1

= g

n+1

= 1.

Âûäåëèì ìàêñèìàëüíûå îáùèå ìíîæèòåëè â íà÷àëå ðàçëîæåíèé g è h: g =

h

1

:::h

m

0

g

m

0

+1

:::g

l

, òàê ÷òî  (g; h) =

m

0

P

i=1

L (h

i

) +  (g

m

0

+1

; h

m

0

+1

). Àíàëîãè÷íî äëÿ

k è h: k = h

1

:::h

n

0

k

n

0

+1

:::k

n

,  (k; h) =

n

0

P

i=1

L (h

i

) +  (k

n

0

+1

; h

n

0

+1

). Íà ýëåìåíòàõ

èç ñâîáîäíîãî ìíîæèòåëÿ G

i

�óíêöèè  è 

i

, L è L

i

ñîâïàäàþò, ïî îïðåäå-

ëåíèþ, çäåñü i = 1; 2. Ïî ñâîéñòâó �óíêöèè äëèíû Ëèíäîíà, åñëè x; y 2 G

i

,

òî  (x; y) 6 L (x), i = 1; 2 [1℄. Ïðåäïîëîæèì òåïåðü, ÷òî m

0

< n

0

. Òîãäà

 (g; h) 6

m

0

P

i=1

L (h

i

) + L (h

m

0

+1

) 6  (k; h), ÷òî ïðîòèâîðå÷èò ïîñûëêå â �îðìó-

ëå (2). Ñëåäîâàòåëüíî, m

0

> n

0

. Ïåðâûå n

0

ìíîæèòåëåé â ðàçëîæåíèè g è k

ñîâïàäàþò: g = h

1

:::h

n

0

h

n

0

+1

:::h

m

0

g

m

0

+1

:::g

l

, k = h

1

:::h

n

0

k

n

0

+1

:::k

n

.

Åñëè m

0

> n

0

, òî  (g; k) =

n

0

P

i=1

L (h

i

) +  (h

n

0

+1

; k

n

0

+1

) =  (k; h).

Åñëè m

0

= n

0

, òî  (g; k) =

n

0

P

i=1

L (h

i

) +  (g

n

0

+1

; k

n

0

+1

). Òàê êàê  (g; h) >

 (k; h), òî â ýòîì ñëó÷àå  (g

n

0

+1

; h

n

0

+1

) >  (k

n

0

+1

; h

n

0

+1

), ïðè÷åì g

n

0

+1

, h

n

0

+1

,

k

n

0

+1

ïðèíàäëåæàò îäíîìó è òîìó æå ìíîæèòåëþ G

i

0

. Òîãäà  (g

n

0

+1

; k

n

0

+1

) =

 (k

n

0

+1

; h

n

0

+1

). Ñëåäîâàòåëüíî,  (g; h) =  (h; k). ×òî è òðåáîâàëîñü äîêàçàòü.

Îïðåäåëèì ñòàíäàðòíûì ñïîñîáîì ïîíÿòèå ðåäóöèðîâàííîãî ïðîèçâåäåíèÿ

ýëåìåíòîâ g è h: gÆh = gh òîãäà è òîëüêî òîãäà, êîãäà L (gh) = L (g)+L (h). Ýëå-

ìåíò g 2 G íàçûâàåòñÿ öèêëè÷åñêè ðåäóöèðîâàííûì, åñëè âûïîëíÿåòñÿ óñëîâèå

g Æ g = g

2

.

Ïðåäëîæåíèå 3.1. Èç óñëîâèÿ g

1

Æ (g

2

Æ g

3

) ñëåäóåò (g

1

Æ g

2

) Æ g

3

. Ïîýòîìó

íåò íàäîáíîñòè ñêîáîê â çàïèñè g

1

Æ g

2

Æ : : : Æ g

k

.

Ïðåäëîæåíèå 3.2. Åñëè g � öèêëè÷åñêè ðåäóöèðîâàííûé ýëåìåíò, òîãäà

L (g

n

) = jnjL (g).

Îïðåäåëåíèå 3.1. Áóäåì ãîâîðèòü, ÷òî ïðîèçâåäåíèå äâóõ ýëåìåíòîâ f; g 2

G åñòü ñëèÿíèå è îáîçíà÷àòü ýòî ñèìâîëîì f � g, åñëè ëèáî fg = f Æ g, ëèáî t (f)

è o (g) ëåæàò â îäíîì ìíîæèòåëå è t (f) 6= o (g)

�1

, ãäå t (f) � êîíåö f , o (g) �

íà÷àëî g. Íåòðóäíî ïðîâåðèòü, ÷òî fg = f � g åñëè è òîëüêî åñëè

L(fg) =

�

L(f) + L(g)

L(f) + L(g)� 1:
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Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ëþáîé ýëåìåíò ìîæíî çàïèñàòü â �îðìå

g = f

�1

Æ g

0

� f , ãäå g

0

� öèêëè÷åñêè ðåäóöèðîâàííûé.

Ïðåäëîæåíèå 3.3. Åñëè g � ýëåìåíò áåñêîíå÷íîãî ïîðÿäêà, òî

L (g

n

) =

�

jnjL (g

0

) + 2L (f)

jnjL (g

0

) + 2L (f)� 1:

Îïðåäåëåíèå 3.2. Ýëåìåíò g èç G íàçîâåì àðõèìåäîâûì, åñëè L (g

2

) > L (g),

â ïðîòèâíîì ñëó÷àå ýëåìåíò íàçûâàåòñÿ íåàðõèìåäîâûì.

Ïðåäëîæåíèå 3.4. Â ãðóïïå G, îïðåäåëåííîé âûøå, ýëåìåíòû êîíå÷íîãî

ïîðÿäêà è òîëüêî îíè ÿâëÿþòñÿ íåàðõèìåäîâûìè.

Äîêàçàòåëüñòâî. Ïóñòü ýëåìåíò g 2 G èìååò êîíå÷íûé ïîðÿäîê, òîãäà åãî

ìîæíî ïðåäñòàâèòü â âèäå g = f

�1

Æ g

0

Æ f , ãäå g

0

2

r

S

i=1

A

i

(ñì. [2℄ èëè [3℄).

Îòñþäà ñëåäóåò, ÷òî L(g

2

) = L(g

2

0

) + 2L(f) = L(g

0

) + 2L(f) = L(g), à ïîòîìó

èìïëèêàöèÿ äîêàçàíà.

Îáðàòíî, ïóñòü g � íåàðõèìåäîâûé ýëåìåíò, òî åñòü L (g

2

) 6 L (g). Êàê îò-

ìå÷åíî âûøå, ýëåìåíò g ìîæíî çàïèñàòü â âèäå g = f

�1

Æ g

0

� f , à åãî êâàäðàò

â âèäå g

2

= f

�1

Æ g

0

Æ g

0

� f . Åñëè g èìååò áåñêîíå÷íûé ïîðÿäîê, òî èñïîëüçóÿ

óòâåðæäåíèå 3, L (g

2

) =

�

2L (g

0

) + 2L (f)

2L (g

0

) + 2L (f)� 1

. Ñëåäîâàòåëüíî, L (g

2

) > L (g),

÷òî ïðîòèâîðå÷èò óñëîâèþ. Ïîýòîìó g � ýëåìåíò êîíå÷íîãî ïîðÿäêà.

4. Ôóíêöèè äëèíû íà óëüòðàñòåïåíè

Ïóñòü G � ãðóïïà, I � áåñêîíå÷íîå ìíîæåñòâî, D � íåãëàâíûé óëüòðà�èëüòð

íàä I,

�

G = G

I

Æ

D � óëüòðàñòåïåíü, � : G !

�

G äèàãîíàëüíîå âëîæåíèå G

â

�

G. Âîçüìåì ýëåìåíò t 2

�

GnG è áóäåì ðàññìàòðèâàòü ãðóïïó H = hG; ti. Â

óëüòðàñòåïåíè åñòåñòâåííûì îáðàçîì îïðåäåëåíà �óíêöèÿ äëèíû

�

L :

�

G!

�

Z,

äåòàëè ñìîòðè â [1℄.

Ïðåäëîæåíèå 4.1. Ýëåìåíò êîíå÷íîãî ïîðÿäêà â

�

G íåàðõèìåäîâ.

Äîêàçàòåëüñòâî. Ïóñòü g 2

�

G è ïóñòü ïîðÿäîê g ðàâåí n. Âûáåðåì ïðåä-

ñòàâèòåëü (g

i

) 2 G

I

äëÿ g. Òîãäà I

g

= fi 2 Ijg

n

i

= 1g 2 D. Òàê êàê I

1

=

fi 2 IjL (g

2

i

) 6 L (g

i

)g � I

g

, òî I

1

òîæå ïðèíàäëåæèò D, à ïîòîìó

�

L (g

2

) 6

�

L (g), è g � íåàðõèìåäîâ.

Ëåììà 4.1. Åñëè A

1

[ : : :[A

k

2 D, òî A

j

2 D äëÿ íåêîòîðîãî j 2 f1; : : : ; kg.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî äëÿ ëþáûõ i 2 f1; :::; kg A

i

=2 D. Òîãäà

InA

i

2 D è InA

1

\ ::: \ InA

k

2 D, ÷òî ýêâèâàëåíòíî In (A

1

[ ::: [ A

k

) 2 D. Ïî

ñâîéñòâó óëüòðà�èëüòðà ïîëó÷àåì, ÷òî A

1

[ ::: [ A

k

=2 D. Ïðîòèâîðå÷èå.
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Ëåììà 4.2. Åñëè A

1

[ : : :[A

k

2 D, ãäå A

1

; : : : ; A

k

ïîïàðíî íå ïåðåñåêàþòñÿ,

òî ñóùåñòâóåò åäèíñòâåííûé j 2 f1; : : : ; kg, äëÿ êîòîðîãî A

j

2 D.

Äîêàçàòåëüñòâî. Òî, ÷òî òàêîé ýëåìåíò ñóùåñòâóåò, ñëåäóåò èç ëåììû 4.1.

Ïðåäïîëîæèì, ÷òî A

j

1

2 D è A

j

2

2 D, ãäå j

1

6= j

2

. Òîãäà ; = A

j

1

\ A

j

2

2 D, ÷òî

ïðîòèâîðå÷èò îïðåäåëåíèþ óëüòðà�èëüòðà.

Ïðåäëîæåíèå 4.2. Íåàðõèìåäîâûé ýëåìåíò èìååò êîíå÷íûé ïîðÿäîê.

Äîêàçàòåëüñòâî. Ïóñòü g 2 G

�

, L

�

(g

2

) 6 L (g). Òîãäà fi 2 IjL (g

2

i

) 6 L (g

i

)g

2 D, fi 2 IjL (g

2

i

) 6 L (g

i

)g � fi 2 Ijg

n

i

i

= 1g =

S

k2O(G)

fi 2 Ijg

n

k

i

= 1g.

Òàê êàê O (G) � êîíå÷íîå ìíîæåñòâî, òî ïî ëåììå 4.1 äëÿ íåêîòîðîãî j 2

O (G),

�

i 2 Ijg

n

j

i

= 1

	

2 D. Ñëåäîâàòåëüíî, g

n

j

= 1.

Ïðåäëîæåíèå 4.3. Ïóñòü g = a

f

, ãäå a 2 A [ B, f 2

�

G. Òîãäà g

n

= 1 äëÿ

íåêîòîðîãî n 2 Z.

Ïðåäëîæåíèå 4.4. Åñëè g

n

= 1, òî ýëåìåíò g èìååò âèä a

f

, ãäå a 2 A[B,

f 2

�

G.

Áóäåì ãîâîðèòü, ÷òî äëÿ ýëåìåíòîâ g; f 2 G

�

âûïîëíÿåòñÿ ñëèÿíèå g � f ,

åñëè ñóùåñòâóþò ïðåäñòàâèòåëè (f

i

) ; (g

i

) 2 G

I

, äëÿ êîòîðûõ âåðíî âêëþ÷åíèå

fi 2 Ijg

i

� f

i

g 2 D.

Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ýëåìåíòîâ g; f 2 G

�

èõ ïðîèçâåäåíèå ÿâëÿåòñÿ

ñëèÿíèåì g � f , åñëè

�

L(gf) =

�

�

L(g) +

�

L(f)

�

L(g) +

�

L(f)� 1:

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 4.4. Ïóñòü g

n

= 1, òîãäà ïî ïðåäëîæåíèþ 4.1

L

�

(g

2

) 6 L

�

(g). Ïî îïðåäåëåíèþ, g = f

�1

Æ g

0

� f . Òîãäà g

2

= f

�1

Æ g

2

0

� f , è

åñëè L

�

(g

0

) > 1. Äëÿ n > 0, L

�

(g

n

) = 2L

�

(f) + nL

�

(g

0

) � ", ãäå " - ëèáî 0,

ëèáî 1 è íå çàâèñèò îò n. Òîãäà L

�

(g

2

) > L

�

(g) � ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî,

L

�

(g

0

) = 1.

5. Ñâîéñòâà �óíêöèè äëèíû

Äàëåå ìû áóäåì èñïîëüçîâàòü ñõåìó ñòàòüè [1℄. Íåêîòîðûå ëåììû ýòîé ñòàòüè

âûïîëíÿþòñÿ äëÿ ñëó÷àÿ ñâîáîäíûõ ïðîèçâåäåíèé áåç èçìåíåíèé, ëåììà 4.2 [1℄,

÷àñòü (2), òðåáóåò ïåðå�îðìóëèðîâêè. Ëåììà 5.1 � ýòî àíàëîã Ëåììû 4.2,(2), èç

[1℄. Åñëè u; v 2

�

G, òî ñóùåñòâóþò u

0

; v

0

; t 2

�

F òàêèå, ÷òî u = u

0

Æ t, v = t

�1

Æ v

0

,

uv = u

0

� v

0

è

�

L (t) = [

�

 (u

�1

; v)℄.

Ïåðå�îðìóëèðóåì ëåììó 4.4 èç [1℄.

Ëåììà 5.2. (Ëåììà 4.4, [1℄) Ïóñòü t � áîëüøîé ýëåìåíò, u 2 G.

(1) Åñëè ïàðà (t; ut) èìååò áîëüøîå ñîêðàùåíèå, òîãäà ìû ìîæåì çàïèñàòü

u = u

1

Æ u

2

, t = u

�1

2

� t

0

� u

�1

1

è t

0

= f

�1

Æ t

00

Æ f , ãäå f áîëüøîé ýëåìåíò.
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(2) Ïðåäïîëîæèì u 2 Gn f1g, f 2 G

�

nG, è çàïèøåì u = v Æ ~u � v

�1

, ãäå

~u � öèêëè÷åñêè ïðèâåäåííûé. Åñëè ïàðà (f

�1

; uf) èìååò áîëüøîå ñîêðàùåíèå,

òîãäà ìû ìîæåì çàïèñàòü f = v Æ ~u

�

Æ f

0

, ãäå � 2 Z

�

nZ, f

0

2 G

�

.

Îïðåäåëåíèå 5.1. Ýëåìåíò g 2

�

G íàçûâàåòñÿ êîðíåâûì, åñëè îí ÿâëÿåòñÿ

ïîðîæäàþùèì ìàêñèìàëüíîé öèêëè÷åñêîé ïîäãðóïïû ãðóïïû

�

G.

Ëåììà 5.3. (Ëåììà 4.5, [1℄) Ýòà ëåììà è åå äîêàçàòåëüñòâî ïåðåïèñûâà-

þòñÿ äîñëîâíî.

Ëåììà 4.6 èç [1℄ çàìåíÿåòñÿ ñëåäóþùåé ëåììîé.

Ëåììà 5.4. Ïóñòü f; g; v 2 G, �; � 2

�

Z, f; g � öèêëè÷åñêè ïðèâåäåííûå

êîðíåâûå ýëåìåíòû.

Òîãäà

(1) åñëè an

�

f

�

; vf

�

�

2

�

GnG, òî [f; v℄ = 1, áîëåå òîãî, � è � èìåþò ðàçíûå

çíàêè;

(2) åñëè an

�

f

�

; vg

�

�

2

�

GnG, òî f ñîïðÿæåí g èëè g

�1

.

Ëåììà 5.5. (Ëåììà 4.7, [1℄) Ïóñòü t 2

�

GnG � àðõèìåäîâûé ýëåìåíò òàêîé,

÷òî

�

L (t) =2 Z. Òîãäà âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(I) êëàññ ýêâèâàëåíòíîñòè [t℄

G

íå ñîäåðæèò ýëåìåíòîâ, äåëÿùèõñÿ ñïðàâà èëè

ñëåâà íà ýëåìåíò èç Gn f1g;

(II) êëàññ ýêâèâàëåíòíîñòè [t℄

G

ñîäåðæèò ýëåìåíò âèäà f

�

Æ t

1

, ãäå t

1

2

�

GnG,

f 2 F

2

n f1g, f � êîðíåâîé ýëåìåíò è öèêëè÷åñêè ïðèâåäåííûé, f

�
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�
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êëàññ ýêâèâàëåíòíîñòè ýëåìåíòà t

1
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�1

Æ t

0

;

(III) t

�1

ïîïàäàåò ïîä ñëó÷àé (ii);

(IV) êëàññ ýêâèâàëåíòíîñòè [t℄

G

ñîäåðæèò ýëåìåíò âèäà f

�

Æ t

1

Æg

�

, ãäå f; g 2
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2

�

GnG è g

íå ñîïðÿæåí f
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íå ìîæåò áûòü çàïèñàí â âèäå f

�1

Æ t

0

èëè

t

0

Æ g

�1

;

(V) êëàññ ýêâèâàëåíòíîñòè [t℄

G

ñîäåðæèò ýëåìåíò âèäà f

a

Æ t

1

Æ f

�

, ãäå f 2

Gn f1g, f � êîðíåâîé ýëåìåíò è öèêëè÷åñêè ïðèâåäåííûé, f

�

; f

�
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�
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�

Gn f1g è t
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íå ìîæåò áûòü çàïèñàí â âèäå f

�1

Æ t

0

èëè t

0

Æ f

�1

;

(VI) êëàññ ýêâèâàëåíòíîñòè [t℄

G

ñîäåðæèò ýëåìåíò âèäà f

�

, ãäå f 2 G �

öèêëè÷åñêè ïðèâåäåííûé è êîðíåâîé ýëåìåíò, è f

�

2

�

GnG.

Ëåììà A. Ïóñòü f; g 2 G. Åñëè [f; g

n

1

f

m

1

: : : g

n

p

f

m

p

g

n

p+1

℄ = 1, äëÿ n
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; : : : ;
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p+1

, m

1

; : : : ; m

p

2 Zn f0g, g

n

1

f

m

1

: : : g

n

p

f

m

p

g

n

p+1

� ïðèâåäåííîå ñëîâî îò f è g.

Òîãäà [f; g℄ = 1.

Ëåììà 5.6. (àíàëîã Ëåììû 6.4 [1℄ äëÿ íåàðõèìåäîâûõ ýëåìåíòîâ) Ïóñòü

t 2

�

GnG � íåàðõèìåäîâûé ýëåìåíò òàêîé, ÷òî

�

L (t) =2 Z. Êëàññ ýêâèâàëåíò-

íîñòè [t℄

G

ñîäåðæèò ýëåìåíò âèäà f

a

Æ t

1

Æ f

�

, ãäå f 2 Gn f1g, f � êîðíåâîé
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ýëåìåíò è öèêëè÷åñêè ïðèâåäåííûé, f

�

; f

�

2

�

GnG, t

1

2

�

Gn f1g è t

1

íå ìîæåò

áûòü çàïèñàí â âèäå f

�1

Æ t

0

èëè t

0

Æ f

�1

. Òîãäà hG; ti � ãðóïïà, ðàâíàÿ G � ht

00

i

äëÿ íåêîòîðîãî t

00

, F

2

-ýêâèâàëåíòíîãî t (hG; ti = G � ht

00

i).

Äîêàçàòåëüñòâî. Íàì íóæíî ïîêàçàòü, ÷òî åñëè h = u

1

t

"

1

u

2

t

"

2

: : : u

k

t

"

k

u

k+1

,

ãäå "

i

= �1, u

i

2 G è åñëè u

i

= 1, òî "

i

= "

i+1

è h 6= 1. Ïîëîæèì h

r

=

u

1

t

"

1

u

2

t

"

2

: : : u

r

t

"

r

.

Èìåþòñÿ äâà ñëó÷àÿ. Ïðåäïîëîæèì âíà÷àëå, ÷òî � è � èìåþò îäèí çíàê.

Äîêàæåì, ÷òî h

r

ìîæåò áûòü çàïèñàí â âèäå h

r

= v

1

s

1

: : : v

m

s

m

, ãäå m = m (r) >

1, v

i

2 F

2

è

(1) s

i

= x

i

w

i

y

i

, ãäå x

i

= f

�

èëè f

��

, y

i

= f

��

èëè f

�

è w

i

= t

�

1

1

f

n

1

t

�

2

1

: : : f

n

p�1

t

�

p

1

ãäå p = p (i) > 1, �

j

= �

j

(i) = �1, n

j

= n

j

(i) 2

�

Zn f0g, f

n

j

2 F

2

è �

1

= 1, åñëè

x

i

= f

�

; �

1

= �1, åñëè x

i

= f

�

; �

p

= 1, åñëè y

i

= f

�

; �

p

= �1, åñëè y

i

= f

�

;

äàëåå, �

j�1

�

j

= �1 äëÿ 2 6 j 6 p;

(2) äëÿ i > 1, åñëè y

i�1

= f

��

è x

i

= f

�

, òîãäà [v

i

; f ℄ 6= 1; òàêæå, åñëè

y

i�1

= f

�

è x

i

= f

��

, òî [v

i

; f ℄ 6= 1;

(3) åñëè "

r

= 1, òî y

m

= f

�

, è åñëè "

r

= �1, òî y

m

= f

��

.

Äîêàçàòåëüñòâî ïðîâåäåì èíäóêöèåé ïî r. Äëÿ ñëó÷àÿ r = 1 óòâåðæäåíèå

âåðíî. Ïðåäïîëàãàÿ, ÷òî îíî âåðíî äëÿ r. �àññìîòðèì

h

r+1

= (v

1

s

1

: : : v

m

s

m

) u

r+1

t

"

r+1

:

Ïîëîæèì u = u

r+1

.

Ñëó÷àé 1. "

r+1

= 1. Òîãäà h

r+1

= (v

1

s

1

: : : v

m

s

m

) uf

�

t

1

f

�

. Åñëè "

r

= 1, òî

y

m

= f

�

è ïîëàãàÿ v

m+1

= u, x

m+1

= f

�

, w

m+1

= t

1

, y

m+1

= f

�

, çàïèøåì

h

r+1

â âèäå v

1

s

1

: : : v

m+1

s

m+1

, ÷òî è òðåáîâàëîñü. Åñëè "

r

= �1, òî y

m

= f

��

, è

äîêàçàòåëüñòâî àíàëîãè÷íî ïðåäûäóùåìó, èñêëþ÷àÿ ñëó÷àé, êîãäà u êîììóòè-

ðóåò ñ f . Â ýòîì ñëó÷àå ïî ëåììå 4.1 [4℄ u = f

n

äëÿ n 2

�

Z. Ñëåäîâàòåëüíî,

h

r+1

= v

1

s

1

: : : x

m

w

m

f

n

t

1

f

�

. Ïîëîæèì w

0

m

= w

m

f

n

t

1

, y

0

m

= f

�

è s

0

m

= x

m

w

0

m

y

0

m

.

Òîãäà h

r+1

= v

1

s

1

: : : v

m�1

s

m�1

v

m

s

0

m

� âûðàæåíèå äëÿ h

r+1

òðåáóåìîé �îðìû.

Ñëó÷àé 2. "

r+1

= �1. Äîêàçàòåëüñòâî ýòîãî ñëó÷àÿ àíàëîãè÷íî ñëó÷àþ 1.

Äàëåå, ìû óòâåðæäàåì, ÷òî an (x

i

w

i

; y

i

) 2 G è an (x

i

; w

i

) 2 G äëÿ âñåõ ïîä-

õîäÿùèõ i, òàê ÷òî s

i

2

�

GnG. Åñëè ñ÷èòàòü ýòî äîêàçàííûì, òîãäà

an (v

i

x

i

w

i

; y

i

) 2 G ïî ëåììå 5.3 (1). Ïî óñëîâèþ (2) è ëåììå 5.4 an (y

i�1

; v

i

x

i

) 2

G äëÿ i > 1. Êðîìå òîãî, íåñêîëüêî ðàç èñïîëüçóÿ ëåììó 5.3 (1), an(v

i

x

i

; w

i

) 2 G

è an (y

i�1

; v

i

x

i

w

i

) 2 G, è ïîýòîìó an (y

i�1

v

i

x

i

w

i

y

i

) 2 G, òî åñòü an (y

i�1

; v

i

s

i

) 2

G. Ïðè äàëüíåéøåì ïðèìåíåíèè ëåììû 5.3 (1) ïîëó÷àåì an (s

i�1

; v

i

s

i

) 2 G è

an (v

i�1

s

i1

; v

i

s

i

) 2 G. Ïî ëåììå 5.3 (2), h

r

2

�

GnG, òàê ÷òî h = h

k

u

k+1

2

�

GnG.

Ñëåäîâàòåëüíî h 6= 1, êàê è òðåáîâàëîñü.

×òîáû çàâåðøèòü äîêàçàòåëüñòâî ëåììû, äîñòàòî÷íî ïîêàçàòü, ïî ëåììå 5.4,

÷òî w

i

íå êîììóòèðóåò ñ f . Åñëè [w

i

; f ℄ = 1, òî áåðÿ êîîðäèíàòû è èñïîëüçóÿ

ëåììó A ìû ìîæåì äîêàçàòü, ÷òî [t

1
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1

= f

m
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�

Z. Ýòî ïðîòèâîðå÷èò ïðåäïîëîæåíèÿì íà t
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.

Äàëåå ïðåäïîëàãàåì, ÷òî �; � èìåþò ðàçíûå çíàêè. Ïðîâåðèì, ÷òî h

r

ìîæåò

áûòü çàïèñàí â âèäå h
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= v

1

s

1
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m

s

m
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1
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= f
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(2) äëÿ i > 1, åñëè y

i�1

= f

��

è x

i

= f

�

, òî [v

i

; f ℄ 6= 1; òàêæå, åñëè y

i�1

= f

�

è x

i

= f

�

, òî [v
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; f ℄ 6= 1;

(3) åñëè "
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= 1 òî y

m

= f

�

, è åñëè "

r

= �1, òî y

m

= f

��
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Äîêàçàòåëüñòâî èíäóêöèåé ïî r.

Îáîçíà÷èì G

Z

= ff 2 G

�

jL

�

(f) 2 Zg. Óëüòðàïðîèçâåäåíèÿ

�

A

i
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íûì îáðàçîì âêëàäûâàþòñÿ â

�

G. Ñëåäóþùàÿ ëåììà äàåò îïèñàíèå ñòðóêòóðû
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×òîáû çàâåðøèòü äîêàçàòåëüñòâî ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî èç óñëî-

âèÿ f
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1
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n

ñîîòâåòñòâåííî ýëå-
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû ðàçáèâàåì íà äâà ñëó÷àÿ. Ïåðâûé � êîãäà

�

L (t) 2 Z (òåîðåìà 5.1), è âòîðîé � êîãäà

�

L (t) =2 Z (òåîðåìà 5.2, òåîðåìà 5.3).

Ëåììà B. Åñëè h
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2
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Òåîðåìà 5.1. Ïóñòü G � ãðóïïà, îïðåäåëåííàÿ â ïàðàãðà�å 1,

�

G � óëüòðà-

ñòåïåíü ïî íåãëàâíîìó óëüòðà�èëüòðó, t 2

�

GnG � ýëåìåíò êîíå÷íîé äëèíû.
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Òîãäà ãðóïïà, ïîðîæäåííàÿ ãðóïïîé G è ýëåìåíòîì t, G-èçîìîð�íà îäíîé èç

ãðóïï:

1) G � ht

0

i,

2) G � ht

0

jt

0n

= 1i, ãäå n 2 O (G),

3) hG; t

0

j [A

i

; t

0

℄ = 1i,

4) hG; t

0

j [A

i

; t

0

℄ = t

0n

= 1i, ãäå n 2 O (G).

Äîêàçàòåëüñòâî. Ó íàñ åñòü ýëåìåíò t 2

�

GnG,

�

L (t) 2 Z. Îáîçíà÷èì ÷åðåç

H = hG; ti ãðóïïó, ïîðîæäåííóþ G è t. Ïî ëåììå 5.7 ýëåìåíò t èìååò âèä:

t = b

1

b

2

:::b

p

, ãäå b

1

2

�

A

i

1

; b

2

2

�

A

i

2

; :::; b

p

2

�

A

i

p

.

Åñëè p = 1, òîãäà t = b

1

, è èìååì ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü ðàññó-

æäåíèé: A

i

1

ýëåìåíòàðíî âëîæåíà â

�

A

i

1

(îáùàÿ òåîðåìà òåîðèè ìîäåëåé), A

i

1

� ñåðâàíòíàÿ â

�

A

i

1

, äëÿ ýëåìåíòà b

1

ñóùåñòâóåò b

0

1

= b

1

a

0

òàêîé, ÷òî a

0

2 A

i

1

è

hA

i

1

; b

0

1

i = hA

i

1

i�hb

0

1

i. Äàëåå, ðàññìàòðèâàÿ íîðìàëüíûå �îðìû â

�

G, ïîëó÷àåì,

÷òî H G-èçîìîð�íà îäíîé èç ãðóïï:

hG; t

0

j [A

i

; t

0

℄ = 1i èëè hG; t

0

j [A

i

; t

0

℄ = t

0n

= 1i, ãäå n 2 O (G).

Åñëè p > 1, òî ìîæåì ñ÷èòàòü (òàê êàê ãðóïïû êëàññè�èöèðóþòñÿ ñ òî÷-

íîñòüþ äî G-èçîìîð�èçìà), ÷òî b

1

; b

p

=2 G. Ïîðÿäîê ýëåìåíòà t ìîæåò áûòü

êîíå÷åí; åñëè ýòî òàê, òî îáîçíà÷èì åãî ÷åðåç n.

Ïðåäïîëîæèì, ÷òî åñòü íåòðèâèàëüíîå ñîîòíîøåíèå w = g

1

t

n

1

g

2

t

n

2

:::g

k

t

n

k

=

1, ãäå g

1

; :::; g

k

2 G, n

1

; :::; n

k

2 Z, t

n

1

6= 1; :::; t

n

k

6= 1, g

1

6= 1; :::; g

k

6= 1. Ïðåäïîëî-

æèì, ÷òî k = 1. Ìîæåì ñ÷èòàòü, ÷òî n

1

> 0.

Ñëó÷àé 1. Â çàïèñè ýëåìåíòà t, i

1

= i

p

. Êàê çàìå÷åíî â ïàðàãðà�å 2, ýëåìåíò

t çàïèñûâàåòñÿ â âèäå t = f

�1

Æ t

0

� f , ãäå t

0

� �-öèêëè÷åñêè ðåäóöèðîâàííûé

ýëåìåíò, t

n

= f

�1

Æ t

0

� ::: � t

0

| {z }

n

�f , è ïóñòü f

�1

= b

1

Æ ::: Æ b

s
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0

= b

s+1

Æ ::: Æ b

p�s

Æ 

3

,

f = b
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Æ:::Æb
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�1

s

Æ:::Æb

1

. Òîãäà ïî ëåììå B w = g

1

t

n

1

= g

1

b

1

:::b

s

t

n

1

0

b

�1

s

:::b

�1

1

=

(g

1

b

1

) Æ b

2

Æ ::: Æ b

s

Æ t

n

1

0

� f 6= 1. Ïîëó÷èëè ïðîòèâîðå÷èå.

Ñëó÷àé 2. Â çàïèñè ýëåìåíòà t, i

1

6= i

p

. Òîãäà w = g

1

t

n

1

= (g

1

b

1

)Æ:::Æb

p

Æt

n

1

�1

6=

1. Ïðîòèâîðå÷èå.

Äàëåå ïðåäïîëàãàåì, ÷òî k > 1.

Ñëó÷àé 1. Â çàïèñè ýëåìåíòà t, i

1

= i

p

. Êàê çàìå÷åíî â ïàðàãðà�å 2, ýëåìåíò

t çàïèñûâàåòñÿ â âèäå t = f

�1

Æ t

0

� f , ãäå t

0

� �-öèêëè÷åñêè ðåäóöèðîâàííûé
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�1
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= b

1

Æ ::: Æ b
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, t

0

= b

s+1

Æ ::: Æ b
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Æ 

3

,

f = b

p�s+1

Æ ::: Æ b

p
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�1

s

Æ ::: Æ b

1

. �àññìîòðèì òðîéêó ýëåìåíòîâ: t

n

j�1

g

j

t

n

j

=

�

b

1

Æ ::: Æ b

s

Æ t

n

j�1

0

� b

�1
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Æ ::: Æ b

�1

1

�

g

j

�

b

1

Æ ::: Æ b

s

Æ t

n

j

0

� b

�1
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Æ ::: Æ b

�1

1

�

.

1) Åñëè g

j

2 A

i

1

è s > 1, òî t

n

j�1

g

j

t

n

j

= b

1

Æ ::: Æ b

s

Æ t

n

j�1

0

� b

�1

s

Æ ::: Æ b

�1

2

Æ g

j

Æ

b

b

Æ ::: Æ b

s

Æ t

n

j

0

� b

�1
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Æ ::: Æ b

�1

1
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2) Åñëè g

j

2 A

i

1

è s = 1, òî t

n

j�1

g

j

t

n

j

= b

1

Æ t

n

j�1

0

� g

2

Æ t

n

j

0

� b

�1

1

.

3) Åñëè g

j

=2 A

i

1

, òîãäà íåò ñîêðàùåíèé â ýòîé òðîéêå.

Âåçäå ñòåïåíü t

0

îñòàåòñÿ. Äåëàÿ ñîêðàùåíèÿ âî âñåì ñëîâå, ïîëó÷àåì, w =

g

1

�

b

1

Æ v Æ t

n

k

0

� b

�1

1

�

. Òàê êàê b

1

2

�

GnG, òî w = (g

1

b

1

) Æ v Æ t

n

k

0

� b

�1

1

6= 1. Òàêèì

îáðàçîì, â ñëó÷àå 1 âñå äîêàçàíî.

Ñëó÷àé 2. Â çàïèñè ýëåìåíòà t, i

1

6= i

p

.

Ñëó÷àé 2.1. p > 2.
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�àññìîòðèì òðîéêó t

n

j�1

g

j

t

n

j

. Åñëè n

j�1

; n

j
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t

n
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g

j

t

n

k

= b

1

:::b

p

g

j

b

1

:::b

p

=

8

<

:

b

1

Æ ::: Æ (b

p

g

j

) Æ b

1

Æ ::: Æ b

p

b

1

Æ ::: Æ b

p

Æ (g

j

b

1

) Æ ::: Æ b

p

b

1

Æ ::: Æ b

p

Æ g

j

Æ b

1

Æ ::: Æ b

p

:

Åñëè n

j�1

< 0, n

j

> 0, òîãäà

t

n

k�1

g

j

t

n
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= b

�1
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:::b

�1

1

g

j

b

1

:::b
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=

�

b

�1

p

Æ ::: Æ b
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1
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j
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p

b

�1

p

Æ ::: Æ b

�1

2

Æ g

j

Æ b

2

Æ ::: Æ b

p

:

Âî âñåõ ñëó÷àÿõ ìíîæèòåëü b

2

îñòàåòñÿ ïîñëå ñîêðàùåíèé êàê â ñòåïåíè

t

n

j

, òàê è â t

n

j�1

. Åñëè n

j�1

; n

j

� îòðèöàòåëüíû èëè n

j�1

< 0, n

j

> 0, òîãäà

áåðåì îáðàòíûé ýëåìåíò ê òðîéêå è èñïîëüçóåì óæå äîêàçàííîå. Ïîëó÷àåì, ÷òî

g

1

t

n

1

g

2

t

n

2

:::g

k

t

n

k

6= 1.

Ñëó÷àé 2.2. p = 2.

Ìû óòâåðæäàåì, ÷òî äëÿ j = 1; :::; k ïîäñëîâî w

j

= g

1

t

n

1

:::g

j

t

n

j
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çàêàí÷èâàåòñÿ íà

�

::: Æ b
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1

::: Æ b
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Æ b

�1
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0

j

2

�

A

i

2

(íà ìåñòå òî÷åê ìîæåò áûòü ïóñòîå ñëîâî).

Äîêàçûâàåì ýòî óòâåðæäåíèå èíäóêöèåé ïî j. Áàçà èíäóêöèè:
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1
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i

1
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8

>

>

<
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0
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Òåîðåìà 5.2. Ïóñòü G � ãðóïïà, îïðåäåëåííàÿ â ïàðàãðà�å 1,

�

G � óëüòðà-

ñòåïåíü ïî íåãëàâíîìó óëüòðà�èëüòðó, t 2

�

GnG ýëåìåíò êîíå÷íîãî ïîðÿäêà

òàêîé, ÷òî

�

L (t) =2 Z. Òîãäà ãðóïïà, ïîðîæäåííàÿ ãðóïïîé G è ýëåìåíòîì t,

ÿâëÿåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì G � hti.

Äîêàçàòåëüñòâî. Âîçüìåì ñëîâî w = g

1

t

�

1

g

2

t

�

2

: : : g

k

t

�

k

, ãäå g

1

; : : : ; g

k

2

Gn f1g, 0 < �

1

; : : : ; �

k

< o (t). Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî äîêà-

çàòü, ÷òî w 6= 1. Ïî ïðåäëîæåíèþ 4.4 ýëåìåíò t èìååò âèä t = f Æ u Æ f

�1

, ãäå

f 2

�

GnG, u 2

r

[

i=1

A

i

. Ïåðåïèøåì ñëîâî w â ñëåäóþùåì âèäå w = g

1

f Æ u

�

1

Æ

f

�1

g

2

f Æ u

�

2

Æ f

�1

:::g

k

f Æ u

�

3

Æ f

�1

.

Ïðåäïîëîæèì, ÷òî w = 1, òîãäà â íåêîòîðîé òðîéêå f

�1

g

i

f ñóùåñòâóåò áîëü-

øîå ñîêðàùåíèå. Áåç óìåíüøåíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî an (f

�1

; g

i

f) 2

�

GnG. Òîãäà ïî ëåììå 5.3 ýëåìåíò f çàïèñûâàåòñÿ â âèäå f = v

1

Æ v

�

2

Æ f

0

, ãäå

g

i

= v

1

Æ v

2

� v

�1

1

. Îòñþäà óòâåðæäåíèå òåîðåìû ñëåäóåò èç Ëåììû 5.6.

Òåîðåìà 5.3. Â ñëó÷àÿõ, êîãäà ýëåìåíò t íå óäîâëåòâîðÿåò óñëîâèÿì òåî-

ðåìû 5.1 è òåîðåìû 5.2, ãðóïïà H = hG; ti G-èçîìîð�íà îäíîé èç ãðóïï, çàïè-

ñàííûõ â òåîðåìå 1.2, çà èñêëþ÷åíèåì ñåðèé (3.1) è (3.2).

Äîêàçàòåëüñòâî. Ñëó÷àé òåîðåìû 1.2, êîãäà ýëåìåíò t èìååò áåñêîíå÷íûé

ïîðÿäîê è áåñêîíå÷íóþ äëèíó, ñëåäóåò èç ëåììû 5.5 è ëåìì, àíàëîãè÷íûõ ëåì-
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ìàì ïàðàãðà�à 6 ñòàòüè [1℄. Ôîðìóëèðîâêè è äîêàçàòåëüñòâà â íàøåì ñëó÷àå

ïîâòîðÿþòñÿ äîñëîâíî.

Âåðíåìñÿ ê äîêàçàòåëüñòâó òåîðåìû 1.1. Ïî òåîðåìå 2.1 âñå êîîðäèíàòíûå

ãðóïïû íåïðèâîäèìûõ àëãåáðàè÷åñêèõ ìíîæåñòâ íàä ãðóïïîé G âêëàäûâàþòñÿ

â

�

G. Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû 1.1 íóæíî ïðîâåðèòü, ÷òî âñå îä-

íîïîðîæäåííûå ïîäãðóïïû

�

G ÿâëÿþòñÿ êîîðäèíàòíûìè ãðóïïàìè íåêîòîðûõ

íåïðèâîäèìûõ àëãåáðàè÷åñêèõ ìíîæåñòâ.

Íåïîñðåäñòâåííî èç äîêàçàòåëüñòâà òåîðåìû 1.2 ñëåäóåò, ÷òî ãðóïïû òèïà

1.1, 2.1, 2.2 è 3.1 ÿâëÿþòñÿ ïîäãðóïïàìè

�

G, à ïîòîìó îíè ÿâëÿþòñÿ CSA-

ãðóïïàìè è ïî ïðåäëîæåíèþ 2.6 îíè ÿâëÿþòñÿ êîîðäèíàòíûìè ãðóïïàìè íåïðè-

âîäèìûõ àëãåáðàè÷åñêèõ ìíîæåñòâ. Îñòàåòñÿ ïðîâåðèòü, ïðè âûïîëíåíèè êàêèõ

óñëîâèé ãðóïïû òèïà 2.3 è 3.2 ÿâëÿþòñÿ ïîäãðóïïàìè

�

G.

�àçáåðåì ñëó÷àé ãðóïïû òèïà 2.3. Íåïîñðåäñòâåííî èç ñîîòíîøåíèé ñîîòâåò-

ñòâóþùåé êîîðäèíàòíîé ãðóïïû ñëåäóåò, ÷òî ýëåìåíò t ïðèíàäëåæèò

�

A

i

. Åñëè

A � àáåëåâà ãðóïïà, òî â åå óëüòðàñòåïåíè ïî íåãëàâíîìó óëüòðà�èëüòðó åñòü

ýëåìåíò áåñêîíå÷íîãî ïîðÿäêà òîãäà è òîëüêî òîãäà, êîãäà A � íåîãðàíè÷åííàÿ

ãðóïïà. Ïîýòîìó ïðè âûïîëíåíèè óñëîâèÿ, ñ�îðìóëèðîâàííîãî â ñëó÷àå 2.3,

ãðóïïà òèïà 2.3 åñòü â óëüòðàñòåïåíè, à â ïðîòèâíîì ñëó÷àå åå íåò.

È, íàêîíåö, ðàçáåðåì ñëó÷àé ãðóïï òèïà 3.2. Äîïóñòèì, ÷òî ãðóïïà ýòîãî

òèïà åñòü â óëüòðàñòåïåíè, òîãäà ñîîòâåòñòâóþùåå àëãåáðàè÷åñêîå ìíîæåñòâî

Y ðàâíî ãðóïïå A

i

[n℄. �àññìîòðèì ñèñòåìó óðàâíåíèé f[A

i

; t℄ = t

n

= 1 íàä àáå-

ëåâîé ãðóïïîé A

i

. ßñíî, ÷òî ðåøåíèÿ ýòîé ñèñòåìû íàä ãðóïïîé A

i

ñîâïàäàþò ñ

ðåøåíèÿìè íàä ãðóïïîé G. Òîãäà â

�

A

i

ñîäåðæèòñÿ ýëåìåíò t ïîðÿäêà n òàêîé,

÷òî hti\A

i

= 1. È, ñëåäîâàòåëüíî, ïî äîêàçàòåëüñòâó òåîðåìû 1.2 (ñëó÷àé p = 1)

ñóùåñòâóåò ïîäãðóïïà òèïà 3.2. Åñëè æå �

n

(A

i

) êîíå÷íî, òî òàêîãî ýëåìåíòà â

�

A

i

íå ñóùåñòâóåò, à ïîòîìó è ïîäãðóïïû òàêîãî òèïà íå ñîäåðæàòñÿ â

�

G.

Â çàêëþ÷åíèå ïðèâåäåì îäèí âàæíûé ïðèìåð ïðèâîäèìîãî àëãåáðàè÷åñêîãî

ìíîæåñòâà Y íàä ãðóïïîé G, èìåþùèé âèä, îïðåäåëåííûé â ïàðàãðà�å 1.

Ïðèìåð. Ïóñòü G = A

1

� A

2

, ãäå A

1

= �

i2Z

C

3

(i) � C

5

, C

3

(i) = ha

i

ja

3

i

= 1i,

i 2 Z, C

5

= hbjb

5

i, A

2

= hi. Ìíîæåñòâî Y çàäàåì ñèñòåìîé S = f[x; b℄ = 1 . Îíî

ðàâíÿåòñÿ A

1

, òàê êàê A

1

ñîâïàäàåò ñ öåíòðàëèçàòîðîì â ãðóïïå G ëþáîãî ñâîåãî

íååäèíè÷íîãî ýëåìåíòà. Îíî ïðèâîäèìî, òàê êàê ðàñêëàäûâàåòñÿ â îáúåäèíåíèå

àëãåáðàè÷åñêèõ ìíîæåñòâ Y

j

, ÿâëÿþùèõñÿ êëàññàìè ñìåæíîñòè ãðóïïû A

1

ïî

ïîäãðóïïå �

i2Z

C

3

(i). Ìíîæåñòâî Y

j

îïðåäåëÿåòñÿ ñèñòåìîé S

j

=

�

[x; b℄ = 1

(b

�j

x)

3

= 1;

ãäå j = 0; :::; 4.
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