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We onsider the subgraph isomorphism problem with the following restrition.

We suppose that both heked graphs have the same number of verties.

Proposed metri represents the distane between heked graphs. This metri

allows to ome to the problem of finding an optimal embedding of one of the

graphs into another. The supposed algorithm is an algorithm for finding an

approximate solution for the problem. Conditions needed for the algorithm

effetiveness are onsidered.

Çàäà÷à ïðîâåðêè èçîìîð�èçìà ïîäãðà�îâ ïðåäñòàâëÿåò ñîáîé îáîáùåíèå

äëÿ øèðîêîãî êëàññà çàäà÷, íàõîäÿùèõ ïðàêòè÷åñêîå ïðèìåíåíèå, â ÷àñòíîñòè

â òàêèõ îáëàñòÿõ, êàê ðàñïîçíàâàíèå îáðàçîâ è îáðàáîòêà èçîáðàæåíèé. Îäíà-

êî, ïîìèìî ïðàêòè÷åñêîé âàæíîñòè, çàäà÷à èìååò è òåîðåòè÷åñêóþ âàæíîñòü,

ïîñêîëüêó çàäà÷à ÿâëÿåòñÿ NP -ïîëíîé [1℄ è ê íåé ìîãóò áûòü ñâåäåíû òàêèå

çàäà÷è òåîðèè ãðà�îâ, êàê çàäà÷à ïîèñêà ãàìèëüòîíîâà öèêëà â ãðà�å, ïîèñêà

ìàêñèìàëüíîé êëèêè â ãðà�å è íåêîòîðûå äðóãèå.

Ïðè ýòîì, åñëè âîïðîñ î ïðèíàäëåæíîñòè çàäà÷è ïðîâåðêè èçîìîð�èçìà

ãðà�îâ ê êëàññó P èëè NP äî ñèõ ïîð îñòàåòñÿ îòêðûòûì [1℄, íî íåêîòîðûå äî-

ïîëíèòåëüíûå îãðàíè÷åíèÿ íà ñòðóêòóðó ãðà�îâ ïîçâîëÿþò ïåðåâåñòè çàäà÷ó â

êëàññ P [2,3℄, [4℄, òî, íàïðèìåð, îãðàíè÷åíèå çàäà÷ ïðîâåðêè èçîìîð�èçìà ïîä-

ãðà�îâ íà ïëàíàðíûå ãðà�û îñòàâëÿåò çàäà÷ó â êëàññå NP -ïîëíûõ çàäà÷ [5℄ â

îòëè÷èå îò ïîäîáíûõ çàäà÷ ïðîâåðêè èçîìîð�èçìà ãðà�îâ. Ïîýòîìó âîçíèêàåò

íåîáõîäèìîñòü â ïîñòðîåíèè àëãîðèòìîâ, íàõîäÿùèõ ïðèåìëåìîå ïðèáëèæåííîå

ðåøåíèå çàäà÷è çà ïîëèíîìèàëüíîå âðåìÿ.
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Ôîðìóëèðîâêà çàäà÷è ïîèñêà ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è ïðîâåðêè èçî-

ìîð�èçìà ïîäãðà�îâ âêëþ÷àåò â ñåáÿ öåëåâóþ �óíêöèþ, òðåáóþùóþ ìèíè-

ìèçàöèè, ïðåäñòàâëÿþùóþ ñîáîé íåêîòîðóþ êîëè÷åñòâåííóþ õàðàêòåðèñòèêó

áëèçîñòè ãðà�îâ. Ïðèìåðàìè òàêîé �óíêöèè ìîãóò ñëóæèòü �óíêöèè, ïðåä-

ñòàâëåííûå â [6, 7℄.
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äî ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö ñìåæíîñòè è ðåøåíèè ñèñòåì ëèíåé-

íûõ óðàâíåíèé, îïðåäåëÿþùèõ îáðàòíûå ìàòðèöû. Ïðåäëîæåíà ìîäè�èêàöèÿ
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çàäàþùóþ èçîìîð�èçì. Òî åñòü ýâðèñòèêîé, íà îñíîâå êîòîðîé ñòðîèòñÿ èçî-

ìîð�èçì, ÿâëÿåòñÿ îáðàòíàÿ ìàòðèöà ê âèäîèçìåíåííîé ìàòðèöå ñìåæíîñòè

ãðà�à. Îòñëåæèâàíèå âîçìóùåíèé îáðàòíîé ìàòðèöû ïî âîçìóùåíèÿì ñàìîé

ìàòðèöû ïîçâîëÿåò îïðåäåëèòü áèåêöèþ, çàäàþùóþ èçîìîð�èçì.

Åñëè íà âõîä àëãîðèòìà ïîäàíû èçîìîð�íûå ãðà�û, òî íåâîçìîæíîñòü

óñòàíîâëåíèÿ îäíîçíà÷íîãî ñîîòâåòñòâèÿ âîçíèêàåò ïðè íàëè÷èè ñðåäè ýòèõ

âåêòîðîâ-ðåøåíèé ãðóïïû âåêòîðîâ, êîòîðûå ìîãóò áûòü ïîëó÷åíû äðóã èç äðó-

ãà ñ ïîìîùüþ ïåðåñòàíîâêè èõ êîìïîíåíò è, ñëåäîâàòåëüíî, èìåþò îäèíàêîâûå

íîðìû. Ïðè ýòîì êîìïîíåíòû ýòèõ âåêòîðîâ, îáðàçóþùèå äèàãîíàëü îáðàòíîé

ìàòðèöû, ñîâïàäàþò. Ïðè íàõîæäåíèè â ìàòðèöå B ñòðîêè è ñòîëáöà, ñîîò-

âåòñòâóþùèõ ñòðîêå è ñòîëáöó ñ íîìåðîì j ìàòðèöû A, íà êàæäîé j-é èòå-

ðàöèè àëãîðèòìà ïîñëåäîâàòåëüíî ïðîèçâîäÿòñÿ âîçìóùåíèÿ åå äèàãîíàëüíûõ

ýëåìåíòîâ. Ïðè âîçìóùåíèè ìàòðèöû, âëåêóùåì ðàñùåïëåíèå åå ñîáñòâåííûõ

çíà÷åíèé, ïðîèñõîäèò âîçìóùåíèå âåêòîðîâ-ñòîëáöîâ îáðàòíîé ê A ìàòðèöû. Â

ðåçóëüòàòå ãðóïïû âåêòîðîâ ñ îäèíàêîâûìè íîðìàìè ðàñùåïëÿþòñÿ.
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Àëãîðèòì ñïåêòðàëüíîãî ðàñùåïëåíèÿ

ïðîâåðêè èçîìîð�èçìà ãðà�îâ.

Ïðèíöèïèàëüíàÿ ñõåìà

Øàã 0. A

0

:= A, B

0

:= B; j := 1.

Øàã 1.1. Åñëè j � n, òî ïåðåéòè íà øàã 1.1, èíà÷å ïåðåéòè íà øàã 6.

Øàã 1.2. Âûáîð "

j

.

Øàã 1.3. A

j

:= A

j�1

+ "

j

E

j

.

Øàã 2. �åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé A

j

x = e

j

. x

j

� ïîëó÷åííîå

ðåøåíèå. k := 1.

Øàã 3.1. Åñëè k � n, òî ïåðåéòè íà øàã 3.2, èíà÷å � ãðà�û íåèçîìîð�íû.

�àáîòó àëãîðèòìà çàâåðøèòü.

Øàã 3.2. B

k

:= B

j�1

+ "

j

E

k

.

Øàã 3.3. �åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé B

k

y = e

k

. y

k

� ïîëó÷åííîå

ðåøåíèå.

Øàã 3.4. k := k + 1. Ïåðåéòè íà øàã 3.1.

Øàã 4. Ñðàâíåíèå íîðì âåêòîðîâ x

j

è y

k

, ãäå k òàêèå, ÷òî 8i < j 6 9i : i$ k.

Åñëè 8k kx

j

k 6= ky

k

k, òî ãðà�û G

A

è G

B

íåèçîìîð�íû. �àáîòó àëãîðèòìà

çàâåðøèòü.

Åñëè 9k kx

j

k = ky

k

k, è 8i 9l : x

ji

= y

kl

, è x

jj

= y

kk

, òî k

j

:= k. (Óñòàíîâëåíèå

ñîîòâåòñòâèÿ j $ k

j

.)

Øàã 5. B

j

:= B

j�1

+ "

j

E

k

j

. j := j + 1. Ïåðåéòè íà øàã 1.1.

Øàã 6. �àáîòó àëãîðèòìà çàâåðøèòü. Ïîëó÷åííîå ñîîòâåòñòâèå j $ k

j

; j = 1; n

� íàéäåííûé èçîìîð�èçì ãðà�îâ G

A

è G

B

.

Ìîäè�èêàöèÿ àëãîðèòìà ñïåêòðàëüíîãî ðàñùåïëåíèÿ ïðîâåðêè èçîìîð�èç-

ìà ãðà�îâ, äàþùàÿ ýâðèñòè÷åñêèé àëãîðèòì ïîèñêà îïòèìàëüíîãî âëîæåíèÿ îä-

íîãî èç ãðà�îâ â äðóãîé, îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì. Òàê, íà êàæäîé

j-îé èòåðàöèè àëãîðèòìà ñïåêòðàëüíîãî ðàñùåïëåíèÿ ïðîâåðêè èçîìîð�èçìà

ãðà�îâ, åñëè ãðà�û G

A

è G

B

èçîìîð�íû è '

0

� èçîìîð�èçì, à P

0

� ñîîò-

âåòñòâóþùàÿ åìó ìàòðèöà ïåðåñòàíîâêè, òî âûïîëíÿåòñÿ ñëåäóþùåå êëþ÷åâîå

ñîîòíîøåíèå:

Åñëè A

j

= A

j�1

+ "

j

E

j

, òî

B

j

= B

j�1

+ "

j

E

'

0

(j)

, B

j

= P

0

A

j

P

�1

0

(òî åñòü F (B

j

� P

0

A

j

P

�1

0

) = 0): (3)

Â äàííîì ñëó÷àå, åñëè ãðà�û G

A

è G

B

áëèçêè â ñîîòâåòñòâèè ñ ââåäåííîé ìåò-

ðèêîé Æ è '

0

� èñêîìîå îïòèìàëüíîå âëîæåíèå, à P

0

� ñîîòâåòñòâóþùàÿ åìó

ìàòðèöà ïåðåñòàíîâêè, òî íà êàæäîé j-îé èòåðàöèè äîëæíî âûïîëíÿòüñÿ ñëå-

äóþùåå êëþ÷åâîå ñîîòíîøåíèå:

Åñëè A

j

= A

j�1

+ "

j

E

j

, òî

B

j

= B

j�1

+ "

j

E

'

0

(j)

, F (B

j

� P

0

A

j

P

�1

0

) = min

P2�(G

B

)

fF (B � PAP

�1

)g: (4)

Ïðèíöèïèàëüíàÿ ñõåìà àëãîðèòìà ïîèñêà îïòèìàëüíîãî âëîæåíèÿ ãðà�à

ñëåäóþùàÿ.
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Àëãîðèòì ñïåêòðàëüíîãî ðàñùåïëåíèÿ

ïîèñêà îïòèìàëüíîãî âëîæåíèÿ ãðà�à.

Ïðèíöèïèàëüíàÿ ñõåìà

Øàã 0. A

0

:= A, B

0

:= B; j := 1.

Øàã 1. Åñëè j � n, òî ïåðåéòè íà øàã 1.1, èíà÷å ïåðåéòè íà øàã 6.

Øàã 1.1. Âûáîð "

j

.

Øàã 1.2. A

j

:= A

j�1

+ "

j

E

j

.

Øàã 2. �åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé A

j

x = e

j

. x

j

� ïîëó÷åííîå ðåøå-

íèå.

Øàã 3. k := 1. Åñëè k � n, òî ïåðåéòè íà øàã 3.1, èíà÷å ïåðåéòè íà øàã 4.

Øàã 3.1. B

k

:= B

j

+ "

j

E

k

.

Øàã 3.2. �åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé B

k

y = e

k

. y

k

� ïîëó÷åííîå

ðåøåíèå.

Øàã 3.3. k := k + 1. Ïåðåéòè íà øàã 3.

Øàã 4. Ñðàâíåíèå íîðì âåêòîðîâ x

j

è y

k

, ãäå k òàêèå, ÷òî 8i < j 6 9i : i$ k.

Åñëè k :

�

�

�

�

n

P

i=1

kx

ji

k�

n

P

i=1

ky

ki

k

�

�

�

�

= min

l

�

�

�

�

n

P

i=1

kx

ji

k�

n

P

i=1

ky

li

k

�

�

�

�

, òî k

j

:= k. (Óñòàíîâëåíèå

ñîîòâåòñòâèÿ j $ k

j

).

Øàã 4.1. B

j

:= B

j�1

+ "

j

E

k

j

.

Øàã 5. j := j + 1. Ïåðåéòè íà øàã 1.

Øàã 6. �àáîòó àëãîðèòìà çàâåðøèòü. Ïîëó÷åííîå ñîîòâåòñòâèå j $ k

j

; j = 1; n

� íàéäåííîå âëîæåíèå ãðà�à G

A

â ãðà� G

B

.

Ïóñòü B � A('

0

) = C('

0

). �àññìîòðèì ñèñòåìû ëèíåéíûõ óðàâíåíèé

A('

0

)x = e

j

; Bx

0

= e

j

; j = 1; n; (5)

ãäå âåêòîð e

j

= (0; : : : ; 0; 1; 0; : : : ; 0) � j-é îðò â ïðîñòðàíñòâå R

n

.

Åñëè

kC('

0

)k

kA('

0

)k

� �; (6)

�(A('

0

)) � ÷èñëî îáóñëîâëåííîñòè ìàòðèöû A('

0

) è ��(A('

0

)) < 1, òî äëÿ ðå-

øåíèé x è x

0

ñèñòåì óðàâíåíèé (4) ñïðàâåäëèâî [9℄ íåðàâåíñòâî

kx� x

0

k

kxk

�

�(A('

0

))�

1� �(A('

0

))�

: (7)

Äëÿ ìàòðèöû A('

0

) ÷èñëî îáóñëîâëåííîñòè �(A('

0

)) � 3 [8℄. Ïîýòîìó, åñëè âû-

ïîëíÿåòñÿ (6) è � < 1=3, òî äëÿ ðåøåíèé x è x

0

ñèñòåì óðàâíåíèé (5) íåðàâåíñòâî

(7) ïðèíèìàåò ñëåäóþùèé âèä:

kx� x

0

k �

3�

1� 3�

kxk:

Òî åñòü ðåøåíèÿ ñèñòåì óðàâíåíèé (5), çàäàþùèå îáðàòíûå ìàòðèöû äëÿ ìàò-

ðèö A('

0

) è B, èçìåíÿþòñÿ íåïðåðûâíî ïðè ìàëûõ âîçìóùåíèÿõ, çàäàâàåìûõ
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ìàòðèöåé C('

0

). À çíà÷èò, è äîïîëíèòåëüíûå âîçìóùåíèÿ äèàãîíàëüíûõ ýëå-

ìåíòîâ ìàòðèö "

j

, ïðîèçâîäèìûå íà êàæäîé j-îé èòåðàöèè, ñ íåêîòîðîé ïîãðåø-

íîñòüþ áóäóò ñîõðàíÿòü êëþ÷åâîå ñîîòíîøåíèå (3), âûïîëíåíèþ êîòîðîãî áóäåò

ñîîòâåòñòâîâàòü âûïîëíåíèå ñîîòíîøåíèÿ (4).

Âîçìóùàÿ ìàòðèöû A è B ñ ïîìîùüþ ìàòðèö "

j

E

j

è "

j

E

'

0

(j)

, ïîëàãàÿ ïðè

ýòîì, ÷òî íà êàæäîé èòåðàöèè '

0

(j) = k, ãäå k òàêîå, ÷òî

�

�

�

�

n

X

i=1

kx

ji

k �

n

X

i=1

ky

ki

k

�

�

�

�

= min

l

�

�

�

�

n

X

i=1

kx

ji

k �

n

X

i=1

ky

li

k

�

�

�

�

;

ìû áóäåì ìèíèìèçèðîâàòü n èç n

2

ñëàãàåìûõ, âõîäÿùèõ â �óíêöèîíàë

F ((B

j

)

�1

� P (A

j

)

�1

P

�1

).

Ñòðåìÿñü óìåíüøèòü íà êàæäîé èòåðàöèè àëãîðèòìà çíà÷åíèå �óíêöèîíà-

ëà F ((B

j

)

�1

� P (A

j

)

�1

P

�1

), ïðè íåèçâåñòíîé íàì ìàòðèöå ïåðåñòàíîâêè P ìû

èñõîäèì èç òîãî, ÷òî äâà �óíêöèîíàëà � �óíêöèîíàë F (B

j

�PA

j

P

�1

) è �óíêöè-

îíàë F ((B

j

)

�1

�P (A

j

)

�1

P

�1

) � äîñòèãàþò ìèíèìóìà íà îäíîé è òîé æå ìàòðèöå

ïåðåñòàíîâêè, ÷òî ñïðàâåäëèâî, êîãäà G

A

�

=

G

B

, òàê, â ýòîì ñëó÷àå

B � PAP

�1

= 0, B

�1

� PA

�1

P

�1

= 0:

Åñëè æå Æ(G

A

; G

B

) ìàëî, òî ïîñêîëüêó kC('

0

)k � F (C) [9℄, áóäåò ìàëî

è îòíîøåíèå kC('

0

)k=kA('

0

)k, à çíà÷èò, âîçìîæíî ý��åêòèâíîå ïðèìåíåíèå

àëãîðèòìà ñïåêòðàëüíîãî ðàñùåïëåíèÿ ïîèñêà èçîìîð�íîãî âëîæåíèÿ ãðà�à,

÷òî ïîäòâåðæäàåòñÿ âû÷èñëèòåëüíûì ýêñïåðèìåíòîì.

Ïðèâåäåííûå íèæå ðåçóëüòàòû ïðåäñòàâëÿþò ñîáîé óñðåäíåíèå ïî ñåðèè

âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Èñêàëîñü èçîìîð�íîå âëîæåíèå ãðà�à G

A

â

ãðà� G

B

, çàâåäîìî ñóùåñòâóþùåå. �åíåðèðîâàëñÿ ãðà� G

B

, ïî íåìó ñòðîèëñÿ

îñòîâíûé ïîäãðà� G

0

A

, ïîñëå ÷åãî ñëó÷àéíûì îáðàçîì ïåðåíóìåðîâûâàëèñü åãî

âåðøèíû è ïîëó÷àëñÿ ãðà� G

A

.

Â ïðèâåäåííîé òàáëèöå S

B

îáîçíà÷àåò âåðîÿòíîñòü, ñ êîòîðîé ïðè ãåíåðè-

ðîâàíèè ñëó÷àéíîãî ãðà�à ìåæäó äâóìÿ âåðøèíàìè ãðà�à ïðîâîäèòñÿ ðåáðî

(¾ïëîòíîñòü¿ ãðà�à G

B

). S

A

(B) îáîçíà÷àåò âåðîÿòíîñòü, ñ êîòîðîé ïðè ïîñòðîå-

íèè îñòîâíîãî ïîäãðà�àG

A

ìåæäó âåðøèíàìè îñòàåòñÿ ðåáðî ãðà�àG

B

(¾ïëîò-

íîñòü¿ ãðà�à G

A

îòíîñèòåëüíî ãðà�à G

B

). N

B

e

� ÷èñëî ðåáåð â ãðà�å G

B

. N

A

e

� ÷èñëî ðåáåð â ãðà�å G

A

. N

C(')

e

� ÷èñëî íåñîâïàâøèõ ðåáåð â íàéäåííîì âëî-

æåíèè ãðà�à G

A

â ãðà� G

B

� ãðà�å G

'

A

. ×èñëî âåðøèí â ãðà�àõ ðàâíÿëîñü

50.

Îòìåòèì, ÷òî ãëàâíàÿ òðóäíîñòü ïðè ðåøåíèè ïîñòàâëåííîé çàäà÷è çàêëþ-

÷àåòñÿ â òîì, ÷òî, íå çíàÿ îïòèìàëüíîãî âëîæåíèÿ '

0

ãðà�à G

A

â ãðà� G

B

, ìû

íå ìîæåì îïðåäåëèòü Æ(G

A

; G

B

) è ñîîòâåòñòâåííî kC('

0

)k. Îäíàêî, íåñìîòðÿ íà

ýòî, ïðè ïîìîùè àëãîðèòìà ñïåêòðàëüíîãî ðàñùåïëåíèÿ ïîèñêà îïòèìàëüíîãî

âëîæåíèÿ ãðà�à ìîæåò, â ÷àñòíîñòè, ý��åêòèâíî ðåøàòüñÿ çàäà÷à ñî ñëåäóþ-

ùåé ñîäåðæàòåëüíîé ïîñòàíîâêîé.

Èìååòñÿ íåêîòîðûé íàáîð èçîáðàæåíèé-øàáëîíîâ, â ñîîòâåòñòâèå êàæäîìó

èç êîòîðûõ, íàïðèìåð, ïî îäíîìó èç ìåòîäîâ, ïðåäëîæåííûõ â [10℄, ïîñòàâ-

ëåí íåêîòîðûé ãðà�. Ïðîâåðÿåìîå (òåñòîâîå) èçîáðàæåíèå ÿâëÿåòñÿ îäíèì èç
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Òàáëèöà 1. �åçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

S

B

S

A

(B) N

B

e

N

A

e

N

C(')

e

0,80 0,70 1206 941 12

0,85 0,70 1221 938 7

0,90 0,70 1233 926 3
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øàáëîííûõ èçîáðàæåíèé, ñîäåðæàùèì ïîâðåæäåíèÿ. Íåîáõîäèìî îïðåäåëèòü,

êàêèì øàáëîííûì èçîáðàæåíèåì èçíà÷àëüíî ÿâëÿëîñü òåñòîâîå èçîáðàæåíèå.

Ïîâðåæäåíèÿ øàáëîííîãî èçîáðàæåíèÿ, äàþùèå òåñòîâîå èçîáðàæåíèå, ìî-

ãóò ïðèâåñòè ê òîìó, ÷òî ïîñòðîåííûé ïî íåìó ãðà� áóäåò îòëè÷àòüñÿ îò ãðà-

�à ëþáîãî øàáëîííîãî èçîáðàæåíèÿ. È òîãäà çàäà÷à èäåíòè�èêàöèè òåñòîâî-

ãî èçîáðàæåíèÿ, òî åñòü âûáîðà øàáëîííîãî èçîáðàæåíèÿ, ñîîòâåòñòâóþùåãî

òåñòîâîìó, áóäåò ñîñòîÿòü â ïîèñêå ãðà�à øàáëîííîãî èçîáðàæåíèÿ, íàèáîëåå

áëèçêîãî ê ãðà�ó òåñòîâîãî èçîáðàæåíèÿ â ñîîòâåòñòâèè ñ ââåäåííîé ìåòðèêîé.

Ëèòåðàòóðà

1. �ýðè Ì., Äæîíñîí Ä., Âû÷èñëèòåëüíûå ìàøèíû è òðóäíîðåøàåìûå çàäà÷è. Ì.:

Ìèð. 1982

2. Hoproft J., Wong J., A linear time algorithm for isomorphism of planar graphs //

Proeedings of the Sixth Annual ACM Symposium on Theory of Computing. 1974.

P.172-184.

3. Luks E.M., Isomorphism of graphs of bounded valene an be tested in polynomial time

// Pro. 21st IEEE FOCS Symp. 1980. P.42-49.

4. Hoffmann C.M. Group-Theoreti Algorithms and Graph Isomorphism // Leture Notes

in Computer Siene (Chapter V). 1982. P.127-138.

5. Baker B.S. Approximation algorithms for NP-omplete problems on planar graphs //

J. Asso. Comput. Mah. 1994. V.41. P.153-180.

6. Bunke H. On a relation between graph edit distane and maximum ommon subgraph

// Pattern Reogn. Lett. 1997. V.18, N.8. P.689-694.

7. Bunke H., Shearer K. A Graph distane metri based on the maximal ommon

subgraph // Pattern Reogn. Lett. 1998. V.19, N.3-4. P.255-259.

8. Ïðîëóáíèêîâ À.Â., Ôàéçóëëèí �.Ò. Ýâðèñòè÷åñêèé àëãîðèòì äåøè�ðîâàíèÿ øè�-

ðà äâîéíîé ïåðåñòàíîâêè // Ìàòåìàòè÷åñêèå ñòðóêòóðû è ìîäåëèðîâàíèå: Ñá. íà-

ó÷í. òð. Ïîä ðåä. À.Ê.�óöà. Îìñê: Îìñê. ãîñ. óí-ò, 2002. Âûï.9. C.62-69.

9. �îäóíîâ Ñ.Ê. è äð. �àðàíòèðîâàííàÿ òî÷íîñòü ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâ-

íåíèé â åâêëèäîâûõ ïðîñòðàíñòâàõ // Íîâîñèáèðñê: Íàóêà, 1988.

10. Øèêèí Å.Â., Áîðåñêîâ À.Â. Êîìïüþòåðíàÿ ãðà�èêà. Ì.: Ìèð,1995.



Ìàòåìàòè÷åñêèå

ñòðóêòóðû è ìîäåëèðîâàíèå

2003, âûï. 11, ñ. 67�87

ÓÄÊ 532.5.031+519.632.4

ÎÁÒÅÊÀÍÈÅ �ÅØÅÒÎÊ Ï�ÎÈÇÂÎËÜÍÛÕ

ËÎÏÀÑÒÅÉ ÈÄÅÀËÜÍÎÉ ÍÅÑÆÈÌÀÅÌÎÉ

ÆÈÄÊÎÑÒÜÞ

À.Ñ. Òîëñòóõà

Various aspets of the numerial solution using finite element method for

the 3-d potential flow of the ideal fluid through the rotor blades of the

turbomahine are disussed. Paper overed the problem stage, wakes influene

and seondary flow questions. Also onsidered disreet solution tehniques and

its onvergene.

1. Ââåäåíèå

�àçâèòèå òóðáîñòðîèòåëüíîé òåõíèêè âûäâèãàåò ïîâûøåííûå òðåáîâàíèÿ ê çíà-

íèÿì ãèäðîäèíàìè÷åñêèõ õàðàêòåðèñòèê ðàáî÷èõ êîëåñ è íàïðàâëÿþùèõ àïïà-

ðàòîâ, ÷òî â ñâîþ î÷åðåäü ñòèìóëèðóåò ðàçâèòèå èõ ãèäðîäèíàìè÷åñêîé òåî-

ðèè. Ñîâðåìåííàÿ âû÷èñëèòåëüíàÿ òåõíèêà ïîçâîëÿåò îïèñàòü ñëîæíûå ãèäðî-

äèíàìè÷åñêèå ïðîöåññû â ïðîòî÷íîé ÷àñòè òóðáîìàøèí â ïðîñòðàíñòâåííîé ïî-

ñòàíîâêå ñîîòâåòñòâóþùèõ çàäà÷. Îäíàêî ðåàëèçàöèÿ íàèáîëåå ïîëíîé ìîäåëè

òå÷åíèÿ, îïèñûâàåìîé óðàâíåíèÿìè Íàâüå-Ñòîêñà, òðåáóåò ñëèøêîì áîëüøèõ

çàòðàò ìàøèííîãî âðåìåíè, ïîýòîìó â èíæåíåðíûõ ðàñ÷åòàõ îíè íåïðèåìëå-

ìû. �åçóëüòàòû ìíîãî÷èñëåííûõ èññëåäîâàíèé ïîêàçûâàþò, ÷òî ðÿä ïðîáëåì,

âîçíèêàþùèõ ïðè ïðîåêòèðîâàíèè ðåøåòîê, ñ äîñòàòî÷íîé ñòåïåíüþ òî÷íîñòè

ìîãóò áûòü ðåøåíû è ñ ïîìîùüþ áîëåå ïðîñòûõ ìîäåëåé. Îñòàåòñÿ ëèøü âîïðîñ

î ïðåäåëàõ èõ ïðèìåíèìîñòè. Ê ÷èñëó òàêèõ ïðîáëåì îòíîñÿòñÿ àýðîóïðóãèå ÿâ-

ëåíèÿ â ðåøåòêàõ, íåñòàöèîíàðíûå àýðîäèíàìè÷åñêèå õàðàêòåðèñòèêè êîòîðûõ

ïðè áåçîòðûâíîì îáòåêàíèè ñ äîñòàòî÷íîé ñòåïåíüþ òî÷íîñòè îïðåäåëÿþòñÿ â

ðàìêàõ ìîäåëè èäåàëüíîé æèäêîñòè. Êàê èçâåñòíî [1℄, íåñòàöèîíàðíûå àýðîäè-

íàìè÷åñêèå õàðàêòåðèñòèêè ðåøåòîê çàâèñÿò îò ñòàöèîíàðíîãî ïîëÿ ñêîðîñòåé,

ðàñ÷åòó êîòîðîãî è ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà.

�àáîòû ïî ìåòîäàì îïðåäåëåíèÿ ñòàöèîíàðíîãî ïðîñòðàíñòâåííîãî òå÷åíèÿ

â òóðáîìàøèíàõ ïðèíÿòî âåñòè îò ðàáîòû [2℄ � êâàçèòð�åõìåðíàÿ òåõíîëîãèÿ,

ðàñ÷�åòû ïðîâîäÿòñÿ ïîñëåäîâàòåëüíî äëÿ òå÷åíèé â ¾òîíêèõ¿ ñëîÿõ. Îñåñèì-

ìåòðè÷íîå â ìåðèäèàíàëüíîì ñëîå, ïðèáëèæ�åííî ÿâëÿþùåìñÿ ñðåäíåé ïîâåðõ-
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