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Abstract. When we need to add several integers, computers add them one
by one, while we usually add them digit by digit: first, we add all the lowest
digits, then we add all next lowest digits, etc. Which way is faster? Should
we learn from computers or should we teach computers to add several integers
our way?

In this paper, we show that the computer way is faster. This adds one more
example to the list of cases when computer-based arithmetic algorithms are
much more efficient than the algorithms that we humans normally use.
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1. Formulation of the Problem

When we humans need to add several integers:
e we usually first add their lowest digits,

e then we add their next lowest digits,

e etc.

On the other hand, when computers are given a task of adding several integers,
they add these integers number-by-number:

e first, they add the first two numbers,
e then they add the third number to the resulting intermediate sum,

e ectc.



116 O. Kosheleva, V. Kreinovich. What is the Best Way to...

Which way is better?
e Should we program computers to add several numbers our way?

e Or should we learn from the computers and add numbers their way?

This is the question that we answer in this paper.

2. Analysis of the Problem
Notations.
e Let us denote by n the number of integers that we need to add, and

e let us denote by d the number of digits in each of these numbers.

How many extra digits do we need to represent the sum? When we add n
d-digit integers, the sum is n times larger than each of the original d-digit integers.
So, to represent this sum, we need to use additional digits. How many additional
digits do we need?

Every time we add one more digit, the size of the numbers that can be rep-
resented increases by a factor of B, where B is the base of the corresponding
numerical system:

e B =2 for most computers, and
e B =10 for human computations.

Adding two digits increases the largest number by a factor of B?. In general,
adding k digits increases the largest number by a factor of B*.

To be able to increase the size by a factor of n, we therefore need to use k
additional digits, where B* ~ n. Thus, we need k = logz(n) additional digits.

What if we add numbers one by one? When we add two d-digit numbers,
we need d digit operations; see, e.g., [1]. When we add numbers one by one,
eventually, we will get to numbers with d + logz(n) digits, so we will need
d + logz(n) digits operations for each addition.
Overall, to find the sum of n numbers, we need to perform n — 1 ~ n additions.
So, we need
n- (d+log(n) = n-d+n-logy(n) (1)

digit operations.

What if we first add all lower digits, then all next digits, etc.? When we
add all lower digits, we get the value n - B. To represent this value, we need
logg(n- B) = 1+logg(n) digits. So, to perform the addition of the lowest digits of
all n numbers, we need n - (1 + logg(n)) digit operations.

Overall, we need to perform similar summation for all d original digits. Thus,
in this case, we need overall

d-n-(1+logp(n)) =n-d+n-d-logg(n) (2)
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digit operations.

Conclusion: computer way is much faster. By comparing the formulas (1)
and (2), we see that number-by-number addition is faster: for the digits-by-digits
addition, the term added to d - n is d times larger than for the number-by-number
addition.

Discussion. This conclusion is in line with the general trend, that the arithmetic
algorithms used by humans are far from being optimal [1]. For example:

e while we have two different algorithms for addition and subtraction, comput-
ers use 2’s complement implementation of negative numbers that allows both
operations to be performed the same way [1];

e our digit-by-digit multiplication requires O(d?) digit operations, while there
exist faster algorithms based on Fast Fourier Transform that require
O(n -In(n)) < O(n?) digit operations [1];

e our “long division” algorithm is also not the best: the usual computer way of
first computing 1/b and then computing a - (1/b) is faster [1].

Another known case when computer-based algorithms are faster is sorting:
computer-based mergesort algorithm is much faster than the insertion sort algo-
rithm that we normally use when we need to sort a group of items [1].

In this sense, our paper has added one more example where a usual human
algorithm can be improved.
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KAKOB HAHJIYUYIIIHH CIIOCOB CJOXKEHHS BOJBIIOI0 KOJIMYECTBA
IEJIBIX YHUCEJI: YUCJIO 3A YUCJIOM, KAK KOMIIBIOTEPBI, NJIX CAMBIE
MJIAJIIWE OUPPHBI, 3ATEM CJENYIOIUE IIUPPHI N TAK JAJIEE,
KAK JEJIAEM MBI, JIIOAW?
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! lenaprament o6pasosanus, Texacckuii yausepcuter B b [laco, CILIA
2 [lenapTaMeHT KOMIbIOTEPHBIX HayK, Texacckuil yHuBepcuTeT B b Ilaco, CIIIA

Annorauusa. Korna HaMm HY»KHO CJ0XKHTb HECKOJIBKO II€JIbIX YKCEJI, KOMIBIOTEPhI CKJIa-
IBIBAIOT UX MO OJHOMY, a Mbl OOBIYHO CKJIAJbiBaeM WX MO LHUdpaM: cHauajga Mbl CKJia-
IbIBaeM BCe MJajlliie LUQPBI, 3aTeM CKJadblBaeM BCe CJelyIoLlue MJAJLIne pa3psiibl
u T.1. Kakoit crioco6 6bicTpee? JIO/KHBL JIH Mbl YUHTbCS Y KOMIbIOTEPOB, HJIM HaM CJie-
IyeT HayYHTh KOMIIBbIOTEPHI CKJIaIbIBATh HECKOJIBKO LIEJIbIX YKHCes HaluM crnocobom? B
9TOH CTaTbe Mbl MMOKa3bIBaeM, YTO KOMIBIOTEPHBIE MyTh ObICTpee. DTO N06aBJsET elé
ONUH MpPUMEp B CIHCOK CJydaeB, KOTAa KOMIMbIOTEPHbIE apH(MeTHUECKHE AJTOPUTMbI
HaMHOTO 3¢ (eKTUBHEE, YeM aJrOPUTMbI, 0OBIYHO HUCMOJIb3yeMbIe UEJOBEKOM.
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