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Abstract. It is known that for Minkowski space-times of dimension larger
than 2, any causality-preserving transformation is linear. It is also known
that in a 2-D space-time, there are many nonlinear causality-preserving trans-
formations. In this paper, we show that for 2-D space-times, if we restrict
ourselves to discrete space-times, then linearity is retained:  only linear
transformation preserve causality.
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1. Formulation of the Problem

Causality in Special Relativity: a brief reminder.
According to Special Relativity Theory, nothing can
travel faster than the speed of light ¢. Thus, an
event a = (ag,aq,...,a,) that happens at moment aq
at a spatial location (ay,...,a,) can affect the event
b = (bo,b1,...,b,) (we will denote it by a < b) if and
only if a signal emitted by the first event can reach the
second event by traveling at a speed not exceeding the
speed of light, i.e., if and only if

a<bsc(bg—ag)=+/(ar — b))%+ ...+ (a, —by)2.
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This formula becomes simpler if we use the same units
for time and distance, e.g., il we measure distance in
light seconds or if we measure time in meters divided by c¢. In these units, the
speed of light becomes 1, and the formula for the causal relation a < b takes the
following simplified form:

a<b<:>b0—a0>\/(al—bl)2+...+(an—bn)2. (1)
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Causality implies Lorentz group: general result. It is known that when the di-
mension n of proper space is at least 2, then any bijection of the (n+1)-dimensional
space-time that preserves causality is linear, and it is a composition of rotations,
shifts, Lorentz transformations, scalings a — A - a, and discrete reflections; see,

e.g., [1-3].

2-D space-time is an exception. The above result is valid for space-times of
dimensions larger than 2. In the 2-D space-time, when n = 1, there are many
non-linear transformations that preserve causality. They can be easily described if
we take into account that for n = 1, the relation (1) — which, in this case, takes
the form

a<b<:>bg—a02\b1—a1|, (2)

can be describe in an even simpler form

a<bs (a-<b_ &ay <by),

where a_ % ag—ay, a4 of ap+aq, and b_ and b, are defined similarly. From this de-
scription, it is clear that for any two strictly increasing bijections of real line f_ and
f+ (not necessarily linear ones) the transformation (a_,ay) — (f_(a_), fi(ay))
preserves causality.

What if space-time is discrete? A natural question is: what if, in the 2-D
case, both space and time are discrete, i.e., what if there exists a “quantum” of
space-time, and we can only have the values temporal and spatial coordinates ag
and a; proportional to this quantum? If we select this quantum as a measuring
unit, this means that both values ag and a; can only take integer values. In this
case, what are transformations preserving the causal relation (2)?

In this paper, we prove that in this case, any bijection preserving causality is
linear.

2. Definitions and the Main Result

Definition.

e By a causal relation on the set M of all pairs of integers (ag,a,), we mean
the relation (2).

o We say that a bijection f: M — M preserves causality if for all a,b € M,
we have a < b if and only if f(a) < f(b).

Proposition. A bijection preserves causality if and only if it is either a shift
or a composition of a shift and spatial reflection (aop,a;) — (ag, —ay).

Proof.

1°. It is easy to see that a shift and spatial reflection both preserve causality. So,
to complete our proof, it is sufficient to prove that every bijection that preserves
causality has the desired form. So, let F' be such a bijection.
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2°. Let us denote F((0,0)) by (by,b1). Then, the composition f of the original
bijection F' and a shift (ag,a1) — (ag — by, a1 — by) also preserves causality, and it
transforms the point (0,0) into itself. A composition of two causality-preserving
transformations is also causality-preserving.

Once we know the transformation f, we can reconstruct the original transfor-
mation F' as a composition of F' and the opposite shift

(ag,a1) — (ag + by, a1 + by).

Thus, if we prove that the composition f is either a shift or a composition of a
shift and a reflection, then the same is true for the original transformation F.

So, it is sufficient to prove the proposition for transformations that transform
(0,0) into (0,0). Hence, without losing generality, we will assume that

£((0,0)) = (0,0).

3°. Let us, as usual, define the strict order relation a < b as (a < b) & (a # b). Let
us prove that if a < b, then ag < by.

Indeed, by (2), if a < b, then ag < by. If ag = by, then the formula (2) implies
that a; = by, thus a = b. So, if a < b, then we indeed have ay < by, and thus, that

b0>a0+1.

4°. Let us define the “immediately precedes” relation as follows:
a<bs (a<b&—3c(a<c<bh)).

Let us prove that
a%b@(bo—aozl&\al—bll < 1)

4.1°. Let us first prove that if by — ap =1 and |a; — by| < 1, then a < b.

In this case, the fact that a < b follows directly from the formula (2), so all
we need to prove is that there is no event ¢ for which a < ¢ < b. Indeed, if such
event ¢ existed, then, due to Part 3 of this proof, we would have by > ¢¢ + 1 and
co = ag + 1, thus by > (ag) + 1) + 1 = ag + 2 and thus, by — ap > 2, while we have
bo — ap = 1. This contradiction shows that such an event ¢ cannot exist and thus,
that indeed

a =< b.

4.2°. Let us now prove that if a < b, then by — ap = 1. In this case, the inequality
la; — by| < 1 follows from the formula (2).

We will prove the desired result by contradiction. Indeed, let us assume that
bo — ap = 2. In this case:
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e in the formula (2), we can have either equality or strict inequality, and
e the difference a; — by, can be either non-negative or non-positive.

Let us consider all 2 x 2 =4 combinations of these cases.

4.2.1°. Let us first consider the case when by — ap = |a; — b1 and a; — b; > 0. In
this case, by —ag = a; — by > 0. Then, for ¢ = (by — 1,b; + 1), we clearly have ¢ < b
and ¢ # b, hence ¢ < b.

We also have

CO—CLOI(bQ—l)—GOI(bo—ao)—lz((Il—b1>—1:a1—<bl+1>:

a1 — Cq,
S0 ¢g — ag = |a; — ¢1| and a < ¢. Since by — ap > 2, we have
CO—GOZ(bo—l)—a,():(b()—ao)—:[}l
hence a # ¢ and a < c.

So, we have a < ¢ < b, which contradicts to our assumption that a < c.

4.2.2°. Let us now consider the case when by — ag = |a; — by| and a; — b; < 0. In
this case, by —ag = by —a; > 0. Then, for ¢ = (bg — 1,b; — 1), we clearly have ¢ < b
and ¢ # b, hence ¢ < b.

We also have

CO—(IOZ(bo—l)—aoz(bg—ao)—lz(bl—al)—]_:(bl—l)—al:

1 — as,
S0 ¢g — ag = |a; — ¢1| and a < ¢. Since by — ag > 2, we have
CO—GOI(bo—l)—aoz(bo—ao)—121
hence a # c and a < c.

So, we have a < ¢ < b, which contradicts to our assumption that a < c.

4.2.3°. Let us now consider the case when by — ag > |a; — b;| and a; — b; > 0. In
this case, by — ag > a; — by > 0. Since we only consider integer coordinates, this
implies that bg — ag > a; — by + 1.

Then, for ¢ = (by — 1,b;), we clearly have ¢ < b and ¢ # b, hence ¢ < b.

We also have

CO—CLOZ(bo—l)—agz(bo—ao)—1>(al—b1+1>—1:a1—b1:

a; —c =0,

S0 ¢g — ag = |a; — ¢1| and a < ¢. Since by — ap > 2, we have

C()—a():(bo—l)—aﬂ:(bg—ao)—1>1
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hence a # ¢ and a < c.
So, we have a < ¢ < b, which contradicts to our assumption that a < c.

4.2.4°. Finally, let us now consider the case when by—ag > |a; —b;| and a; —b; < 0.
In this case, by —ag > by —a; > 0. Since we only consider integer coordinates, this
implies that by — ag > by — ay + 1.

Then, for ¢ = (by — 1,b;), we clearly have ¢ < b and ¢ # b, hence ¢ < b.

We also have

CO—CLOI(bo—l)—a0:<bg—a0)—1>(bl—a1+1>—1:b1—a1:

cp—ap =0,

S0 ¢g — ag = |a; — ¢1| and a < ¢. Since by — ag > 2, we have
CO—CLO:(bo—l)—agz(bo—ao)—1>1

hence a # ¢ and a < c.
So, we have a < ¢ < b, which contradicts to our assumption that a < c.

4.2.5°. In all four cases, we have a contradiction, so indeed, if @ < b, then
bp — ag = 1. Part 4 is thus proven.

5°. Let us now define “border” relation as follows:
a<be (a<b&dc(b<c&Va(a<d<c—d=0))).

Let us prove that a < b if and only if by — ap = |by — a;| = 1, i.e., in other words,
that @ < b if and only i by — ap = 1 and by # a;.
To prove this, we need to prove:

e that if « < b and a; = by, then a « b, and
e that if a < ¢ and a; # b; then a < b.

Let us prove these two statements one by one.

5.1°. Let us first consider the case when a < b and b; = a;. In this case, as we
have shown in Part 4 of this proof, by —ap = 1. Let us show that in this case, for
all ¢ for which b < ¢, there exists d # b for which a < d < ¢ — which means that
a & b.

Indeed, according to Part 4, the condition b < ¢ is satisfied only for three
elements ¢: ¢ = (bop+ 1,0y — 1), ¢ = (bg + 1,b1), and ¢ = (bp + 1,b; + 1). Let us
consider all three cases one by one.

5.1.1°. When ¢ = (by + 1,b; — 1), then, as one can check, for d = (b, b1 — 1) # b,
we have d = (ap + 1,a; — 1), thus a < d < c.

5.1.2°. When ¢ = (by + 1,b1), then, as one can check, for d = (by, by — 1) # b, we
have d = (ap+ 1,a1 — 1), thus a < d < c.

5.1.3°. When ¢ = (bp + 1,b; + 1), then, as one can check, for d = (b, b1 + 1) # b,
we have d = (ap + 1,a; + 1), thus a < d < c.
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5.1.4°. In all three cases, we indeed have a <« b.

5.2°. Let us now prove that if @ < b and by # a4, i.e., if bp—ag = 1 and |b; —ay| = 1,
then a < ¢. Let us consider two possible cases: by —a; =1 and b; —ay = —1.

5.2.1°. When by —ag =b; —a; =1, i.e.,, when b= (ag + 1,a; + 1), we can take

c=(bo+ 1,00 +1) = (ag + 2,a1 + 2).

In this case, if a < d < ¢, then ¢g — ag = (co — dy) + (dy — ag) = 2. Since
a < d < ¢, each of the two terms ¢y — dy and dy — ay cannot exceed 1, so the
only way for their sum to be equal to 2 is when both are equal to 1, i.e., when
dy — ap = 1 and thus,
d() =ag + 1= bo.

Similarly, we have ¢; —a; = (¢; — dy) + (dy — a;) = 2. Since a < d < ¢, each of
the two terms ¢; — d; and d; — a; cannot exceed 1, so the only way for their sum
to be equal to 2 is when both are equal to 1, i.e., when d; — a; = 1 and thus,

d1:a1—|—1:b1.

Here, dy = by and d; = by, hence indeed d = b, thus a < b.

5.2.2°. When by —ag = a; — by = 1, i.e., when b = (ag + 1,a; — 1), we can take

C:(bo+1,b1—1):(a0—|—2,a1—2).

In this case, if a < d < ¢, then ¢y — ag = (co — dy) + (dy — ap) = 2. Since
a < d < ¢, each of the two terms ¢y — dy and dy — ap cannot exceed 1, so the
only way for their sum to be equal to 2 is when both are equal to 1, i.e., when
dy — ag = 1 and thus,
d() =ag+ 1= bo.

Similarly, we have a; —¢; = (a3 — dy) + (dy — ¢1) = 2. Since a < d < ¢, each of
the two terms a; — d; and d; — ¢; cannot exceed 1, so the only way for their sum
to be equal to 2 is when both are equal to 1, i.e., when a; — d; = 1 and thus,

dlzal—lzbl.

Here, dy = by and d; = by, hence indeed d = b. Thus indeed a < b.
Part 5 is proven.

6°. Since the relation < is defined in terms of < and the relation < is defined
in terms of < and <, both relation < and < are preserved for each causality-
preserving transformation.

According to Part 5, we have (0,0) < (1,1), thus

(0,0) = f((0,0)) < f((1,1)).
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Hence, either f((1,1)) = (1,1) or f((1,1)) = (1,—1). In the second case, we can
apply a reflection and get f((1, )) = (1,1). So, without losing generality, we can
assume that £((0,0)) = (0,0) and f((1,1)) = (1,1).

From the fact that (0,0) < (1,—1), we conclude that (0,0) <« f((1,-1)),
thus f((1,—1)) is equal either to (1,1) or to (1,—1). Since f is a bijection and
f((1,1)) = (1,1), we cannot have f((1,—1)) = (1,1), thus we have

f((1> _1>> = (17 _1>‘

1)
1

7°. Let « < b < ¢. In this case, according to Part 5 of this proof, we have
by —a; = +1 and ¢; — by = £1. We say that a, b, and ¢ go in the same direction if
a < d < c implies that d = b. Let us show that they go in the same direction if and
only if by —a; = ¢ — by — i.e., il and only if these differences have the same sign.
Indeed:

e if the signs are the same, then the proof is similar to Part 5.2;

e on the other hand, if the differences have different signs, then ¢; = a4, so for
d=(ap+1,a1) # b, we have a < d < c.

8°. Let us now prove that f(z) = x for all x > (0,0). Let us consider two possible
cases: x; = 0 and z; < 0.

8.1°. If x; > 0, then we have
0,0) < (L) < ... < (x,71) < (11 + L,x1) < ... < (w0, 21),

where the first x; relations go in the same direction, and the remaining ones
are not border relations. All these relations are preserved under any causality-
preserving transformation f. Thus, taking into account that f((0,0)) = (0,0) and
f((1,1)) = (1,1), we have

(0,0) < (1,1) < f((2,2)) ... < f((21,21)) <

fl(z1+1,29)) < ... < f((zo, 1)),

where the first x; relations go in the same direction, and the remaining ones are
not border relations.

Since (1,1) < f((2,2)), we conclude that f((2,2)) is either (2,0) or (2,2).
Since (0,0) <« (1,1) < f((2,2)) go in the same direction, the differences must
have the same sign, so we must have f((2,2)) = (2,2). Similarly, we prove that
f((3,3)) = (3,3), etc., and f((x1,21)) = (z1,21). Now, in the remaining cases, we
have immediately following relations which are not border relations, this means
that ag increases by 1, and a; remains the same. Thus, we have

fl(z1+1,21)) = (21 + 1, 20),

etc., all the way to the desired equality f((xo,z1)) = (o, x1).



146 O. Kosheleva, V. Kreinovich. Discrete Causality Implies Lorenz Group

8.2°. If 1 < 0, then we similarly have
0,0) < (1,-1) < ... < (|z1], 21) < (Joo| + 1, 21) < ..o < (20, 21),

where the first x; relations go in the same direction, and the remaining ones
are not border relations. All these relations are preserved under any causality-
preserving transformation f. Thus, taking into account that f((0,0)) = (0,0) and
f((1,-1)) = (1,—1), we have

(0,0) < (1,-1) < f((2,=2)) ... < f((Jaa], 21)) <

f((Jza] + 1,21)) <o < f((20, 1)),

where the first |z;| relations go in the same direction, and the remaining ones are
not border relations.

Since (1,—1) < f((2,—2)), we conclude that f((2,—2)) is either (2,0) or
(2,—2). Since (0,0) < (1,-1) < f((2,2)) go in the same direction, the differ-
ences must have the same sign, so we must have f((2,—2)) = (2, —2). Similarly,
we prove that f((3,-3)) = (3,-3), etc., and f((|z1|,2z1)) = (|x1]|,2z1). Now, in
the remaining cases, we have immediately following relations which are not border
relations, this means that ag increases by 1, and a; remains the same. Thus, we
have

f((aa] + 1, 21)) = (Joa| + 1, 20),
etc., all the way to the desired equality f((zo,21)) = (zo, x1).

9°. We proved that f(x) = = for all z > 0. Now, we can similarly prove

that for any y < z, we have f(y) = y, i.e., that indeed f(y) = y for all y.
The original transformation is a composition of this transformation f, shift, and
possibly reflection, so the proposition is proven.
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Texackuit ynuepcurer B b [laco, dab [laco, CIITA

AnHoTtaumsa. V3BecTHO, 4TO AJSl POCTPAHCTBa-BpeMeHH MHUHKOBCKOrO pasMepHOCTH
Gosblie 2 n060e coxpaHslollee NPUYMHHOCTb NpeoOpa3oBaHue JMHeHHO. Takke u3-
BECTHO, UTO B [BYMEPHOM IMPOCTPAHCTBE-BPEMEHH CYLIECTBYET MHOXKECTBO HeJHHEH-
HBIX NpeoOpa3oBaHMH, COXPaHAWIIMX NPUYMHHOCTb. B 3TOH cTaThe Mbl MOKa3blBaeM,
4TO AJs ABYMEPHOTO MPOCTPaHCTBA-BpPeMeHH, eClM Mbl OrpaHMYMBaeMCsl AUCKPETHBIM
NPOCTPaHCTBOM-BpPeMeHEM, JUHEHHOCTb COXpaHseTCs: TOJIbKO JIMHeHHoe mpeobpasoBa-
HHe COXpaHsieT NPUYMHHOCTb.
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