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eived an asymptoti
 expansion with a member of an order n
−1 in the
entral limit theorem for stationary sequen
es with uniform strong mixing.1. Ââåäåíèå. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâÏóñòü {ξn} = {ξn, n = 1, 2, ...} � ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïîñëåäîâà-òåëüíîñòü è ïóñòüEξ1 = 0, Eξ2

1 < ∞, Tn =

n
∑

j=1

ξj , σ2
n = DTn → ∞, n → ∞,

Fn(x) = P{Tn < xσn}, Φ(x) = (2π)−
1

2

x
∫

−∞

exp

{

−t2

2

}

dt,

∆n = sup
x

|Fn(x) − Φ(x)| .Äëÿ ïîñëåäîâàòåëüíîñòåé ñëàáî çàâèñèìûõ âåëè÷èí îöåíêè ñêîðîñòè ñòðåì-ëåíèÿ ∆n ê íóëþ ïîñëåäîâàòåëüíî óëó÷øàëèñü íà ïðîòÿæåíèè áîëåå ÷åì òðèä-öàòè ëåò, ïîêà íàêîíåö Å.�èî â [1℄ íå ïîëó÷èë íåóëó÷øàåìóþ ïî ïîðÿäêó îöåíêó
∆n = O(n− 1

2 ) äëÿ ïîñëåäîâàòåëüíîñòåé îãðàíè÷åííûõ âåëè÷èí ñ ðàâíîìåðíîñèëüíûì ïåðåìåøèâàíèåì (ϕ�ïåðåìåøèâàíèåì).Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà äàëüíåéøåìó óòî÷íåíèþ öåíòðàëüíîé ïðå-äåëüíîé òåîðåìû äëÿ ñóìì ñëàáî çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Âûäåëåí êëàññïîñëåäîâàòåëüíîñòåé {ξn} (òàê íàçûâàåìûå ïîñëåäîâàòåëüíîñòè ñ ñèììåòðè÷-íûì ðàñïðåäåëåíèåì), äëÿ êîòîðûõ ïðè ýêñïîíåíöèàëüíî áûñòðîì ϕ�ïåðåìåøè-âàíèè E|ξ1|5 < ∞ è
lim sup

t→∞
|E exp {itξ1}| < 1, (1)äîêàçàí àíàëîã àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ Ýññååíà â öåíòðàëüíîé ïðåäåëü-íîé òåîðåìå (ñì., íàïðèìåð [2, ãë.5, òåîðåìà 20℄). Èç ýòîãî ðàçëîæåíèÿ (ñì.òåîðåìó 1), â ÷àñòíîñòè, ñëåäóåò, ÷òî ∆n = O(n−1).
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6 À.�. �ðèíü. Àñèìïòîòè÷åñêîå ðàçëîæåíèå...2. Ïîñëåäîâàòåëüíîñòè ñ ñèììåòðè÷íûì ðàñïðåäåëåíèåìÏóñòü ξ = (ξ1, ..., ξn) � ñëó÷àéíûé âåêòîð, δ � îòîáðàæåíèå ìíîæåñòâà
{1, 2, ..., n} â ìíîæåñòâî {−1, 1}, òî åñòü δ = (δ1, ..., δn), δk = ±1, k = 1, 2, ..., n,è ïóñòü ∆ = {δ} = {−1, 1}{1,2,...,n}. Îáîçíà÷èì δ ∗ ξ = (δ1ξ1, ..., δnξn). �àñïðåäå-ëåíèå âåêòîðà ξ áóäåì íàçûâàòü ñèììåòðè÷íûì, åñëè âñå âåêòîðû δ ∗ ξ, δ ∈ ∆èìåþò îäèíàêîâîå ðàñïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü {ξn}èìååò ñèììåòðè÷íîå ðàñïðåäåëåíèå, åñëè âñå åå êîíå÷íîìåðíûå ðàñïðåäåëåíèÿñèììåòðè÷íû.Ïðîñòåéøèì ïðèìåðîì ïîñëåäîâàòåëüíîñòè ñ ñèììåòðè÷íûì ðàñïðåäåëåíè-åì ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ âåëè-÷èí ñ ñèììåòðè÷íûìè ðàñïðåäåëåíèÿìè.Ââåäåì õàðàêòåðèñòè÷åñêóþ �óíêöèþ âåêòîðà ξ :

fξ1,...,ξn
(t1, ..., tn) = E exp

{

i
n
∑

k=1

tkξk

}

.Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ξ
d
= η â ñëó÷àå, êîãäà ðàñïðåäåëåíèÿ ñëó÷àé-íûõ âåêòîðîâ ξ è η ñîâïàäàþò, è {ξn} d

= {ηn}, êîãäà ñîâïàäàþò êîíå÷íîìåðíûåðàñïðåäåëåíèÿ ïîñëåäîâàòåëüíîñòåé {ξn} è {ηn}.Ëåììà 1. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:a) ïîñëåäîâàòåëüíîñòü {ξn} èìååò ñèììåòðè÷íîå ðàñïðåäåëåíèå;b) ïðè ëþáîì íàòóðàëüíîì n è ëþáûõ äåéñòâèòåëüíûõ t1, ..., tn

fξ1,...,ξn
(t1, ..., tn) = E n

∏

k=1

cos(tkξk); (2)
) {ξn} d
= {εnξn}, ãäå {εn} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõâåëè÷èí, òàêèõ, ÷òî P{εn = 1} = P{εn = −1} =

1

2è ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí {εn} íå çàâèñèò îò {ξn}.Äîêàçàòåëüñòâî äîñòàòî÷íî ïðîçðà÷íî è çäåñü íå ïðèâîäèòñÿ.Ç à ì å ÷ à í è å 1. Åñëè {ξn} � ñòàöèîíàðíàÿ ïîñëåäîâàòåëíîñòü, óäîâëå-òâîðÿþùàÿ óñëîâèþ �ÑÏ ñ êîý��èöèåíòîì ϕ(n), à {εn} � ïîñëåäîâàòåëüíîñòü,îïðåäåëåííàÿ â ïóíêòå c) ëåììû 1, òî ïîñëåäîâàòåëüíîñòü {εnξn} òàêæå óäîâëå-òâîðÿåò óñëîâèþ �ÑÏ ñ êîý��èöèåíòîì ϕ1(n) ≤ ϕ(n) [3℄.Ç à ì å ÷ à í è å 2. Íåòðóäíî óáåäèòüñÿ, ÷òî åñëè {ξn} � ïîñëåäîâàòåëüíîñòü ññèììåòðè÷íûì ðàñïðåäåëåíèåì, òî ïðè êàæäîì íàòóðàëüíîì p ïîñëåäîâàòåëü-íîñòü { p
∑

l=1

ξ(j−1)p+l, j = 1, 2, ...

} òàêæå èìååò ñèììåòðè÷íîå ðàñïðåäåëåíèå.



Ìàòåìàòè÷åñêèå ñòðóêòóðû è ìîäåëèðîâàíèå. 2009. Âûï. 19. 7Ëåììà 2. Åñëè {ξn} � ñòàöèîíàðíàÿ ïîñëåäîâàòåëüíîñòü ñ ñèììåòðè÷íûìðàñïðåäåëåíèåì è E|ξ1|4 < ∞, òîa) ETn = 0, ET 3
n = 0, n = 1, 2, ...;b) σ2

n = DT 2
n = nσ2

1, n = 1, 2, ...;
) ET 4
n = nEξ4

n + 6
∑

1≤i<j≤n

Eξ2
i ξ

2
j , n = 1, 2, ...Óòâåðæäåíèÿ ëåììû ÿâëÿþòñÿ ñëåäñòâèåì ñèììåòðè÷íîñòè ðàñïðåäåëåíèéâåëè÷èí ξj, ξjξk), ξj, ξ

3
k, j 6= k.3. Âñïîìîãàòåëüíûå ðåçóëüòàòûÏóñòü {ξn} = {ξn, n = 1, 2, ...} � ñòàöèîíàðíàÿ ïîñëåäîâàòåëüíîñòü. Îáîçíà-÷èì ÷åðåç F≤n è F≥n σ�àëãåáðû, ïîðîæäåííûå, ñîîòâåòñòâåííî, ñåìåéñòâàìè

{ξk : k ≤ n} è {ξk : k ≥ n}.Ëåììà 3. Ïóñòü ïîñëåäîâàòåëüíîñòü {ξn} óäîâëåòâîðÿåò óñëîâèþ ðàâíîìåð-íî ñèëüíîãî ïåðåìåøèâàíèÿ (ϕ�ïåðåìåøèâàíèÿ) ñ êîý��èöèåíòîì ïåðåìåøè-âàíèÿ ϕ(n) è ïóñòü ñëó÷àéíûå âåëè÷èíû ξ è η èçìåðèìû îòíîñèòåëüíî F≤0è F≥n ñîîòâåòñòâåííî,
‖ξ‖p = (E|ξ|p) 1

p < ∞, ‖η‖q < ∞, p > 1, q > 1, p−1 + q−1 = 1.Òîãäà ïðè ëþáûõ êîìïëåêñíûõ a è b

|Eξη −EξEη| ≤ 2ϕ
1

p (n)‖ξ − a‖p‖η − b‖q. (3)Åñëè æå
‖ξ‖1 = E|ξ| < ∞, ‖η‖∞ = vrai sup|η| ≤ ∞,òî
|Eξη − EξEη| ≤ 2ϕ(n)‖ξ − a‖1‖η − b‖∞. (4)Äîêàçàòåëüñòâî ëåììû ëåãêî ïîëó÷àåòñÿ, íàïðèìåð, èç òåîðåìû17.2.3 â [4℄ èëè èç [5, 
. 236℄.Ëåììà 4. Ïóñòü ïîñëåäîâàòåëüíîñòü {ξn} óäîâëåòâîðÿåò ϕ�ïåðåìåøèâàíèÿ,

σn → ∞, n → ∞ è ïóñòü E|ξ|p < ∞, p > 2. Òîãäà ‖Tn‖p ≤ C(p) σn, ãäå
0 < C(p) < ∞ íå çàâèñèò îò n.Ïðè 2 < p < 3 óòâåðæäåíèå ëåììû äîêàçàíî â [4, òåîðåìà 18.5.1℄, â îáùåìñëó÷àå îíî ñëåäóåò, íàïðèìåð, èç òåîðåìû 1.1 â [6℄.Îáîçíà÷èì γk (ξ) k−é ñåìèèíâàðèàíò ñëó÷àéíîé âåëè÷èíû ξ.Ëåììà 5. Ïóñòü {ξn} �ñòàöèîíàðíàÿ ïîñëåäîâàòåëüíîñòü ñ ñèììåòðè÷íûìðàñïðåäåëåíèåì, ïóñòü E|ξ1|4 < ∞. Òîãäàa) γ1(Tn) = 0, γ3(Tn) = 0, n = 1, 2, ...;b) γ2(Tn) = nσ2

1 , n = 1, 2, ...;



8 À.�. �ðèíü. Àñèìïòîòè÷åñêîå ðàçëîæåíèå...
) Åñëè ∞
∑

k=1

ϕ
1

2 (k) < ∞, òî
γ4 = γ4(ξ1) + 6

∞
∑

k=1

E (ξ2
0 −Eξ2

0

) (

ξ2
k −Eξ2

k

)

< ∞.Åñëè æå ∞
∑

k=1

kϕ
1

2 (k) < ∞, òî
sup

n

|γ4(Tn) − nγ4| ≤ C < ∞.Ä î ê à ç à ò å ë ü ñ ò â î.Òàê êàê â íàøèõ ïðåäïîëîæåíèÿõ γk(Tn) = ET k
n , k = 1, 2, 3, òî óòâåðæäå-íèÿ a) è b) ñëåäóþò èç ñîîòâåòñòâóþùèõ óòâåðæäåíèé ëåììû (2). Îáîçíà÷èì

ρk = E (ξ2
0 − Eξ2

0) (ξ2
k −Eξ2

k) . Â ñèëó ëåììû 3 |ρk| ≤ 2 ‖ξ2
0 −Eξ2

0‖
2
2 ϕ

1

2 (k), îòêóäàñëåäóåò ïåðâîå óòâåðæäåíèå ïóíêòà 
) ëåììû. Ñ ó÷åòîì óòâåðæäåíèé b) è 
)ëåììû (2) ïîëó÷àåì
γ4(Tn) = ET 4

n − 3
(ET 2

n

)2
= nEξ4

n + 6
∑

1≤i<j≤n

Eξ2
i ξ

2
j − 3n2σ4

1 =

= nEξ4
1 − 3nσ4

1 + 6
∑

1≤i<j≤n

E (ξ2
i −Eξ2

i

) (

ξ2
j −Eξ2

j

)

=

= nγ4(ξ1) + 6
n−1
∑

k=1

(n − k)ρk.Îòñþäà
|γ4(Tn) − nγ4| ≤ 6n

∞
∑

k=n

|ρk| + 6

n−1
∑

k=1

k|ρk| ≤

≤ 12
∥

∥ξ2
0 −Eξ2

0

∥

∥

2

2

∞
∑

k=1

kϕ
1

2 (k) < ∞.Ëåììà äîêàçàíà.Ïóñòü Eξ2
1 < ∞, à n è p � íàòóðàëüíûå ÷èñëà. Îáîçíà÷èì

Qj = σn
−1

p
∑

l=1

ξ(j−1)p+l, j = 1, 2, ... (5)
fr(t) = E exp

{

it
r
∑

j=1

Qj

}

, r = 1, 2, ...Ââåäåì �óíêöèþ
Fk(z) = E k

∏

j=1

(f1 + z (exp {itQj} − f1)) =
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=

k
∑

m=1

zmfk−m
1 ESm(X1, ..., Xk),ãäå f1 = f1(t), Xj = exp {itQj} − f1, j = 1, ..., k, à

S0(x1, ..., xk) = 1, Sm(x1, ..., xk) =
∑

1≤j1<...<jm≤k

xj1 ...xjk
−� m-é ýëåìåíòàðíûé ñèììåòðè÷åñêèé ìíîãî÷ëåí. Èç �îðìóëû Òåéëîðà äëÿ�óíêöèè Fk(z) (ñì.,íàïðèìåð, [7, ñ. 67℄) ïîëó÷àåì ïðè l < k

fk(t) = Fk(1) = fk
1 + fk−1

1 ES1(X1, ..., Xk)+

+fk−2
1 ES2(X1, ..., Xk) + ... + fk−l

1 ESl(X1, ..., Xk) + Rl, (6)ãäå
Rl = Rl(X1, ..., Xk) =

1

2πi

∫

|z|=ρ

Fk(z) dz

(z − 1) zl+1
, |ρ| > 1. (7)Ïóñòü gl = EX1...Xl, l ≥ 1, β2 = E|X1|2 = 1 − |f1|2.Â äàëüíåéøåì áóäåì îáîçíà÷àòü ÷åðåç θi = θi(t, n, ...), i = 1, 2, , ... - îãðà-íè÷åííûå âåëè÷èíû, (ò.å. sup

t,n,...

|θi(t, n, ...)| < ∞); åñëè g(t, n, ...) ≤ ch(t, n, ...), ãäå
c ≥ 0 íå çàâèñèò îò t, n, ..., òî áóäåì ïèñàòü g ≪ h, à g ≍ h áóäåò îáîçíà÷àòü,÷òî g ≪ h è h ≪ g.Ëåììà 6. 1. Åñëè ïîñëåäîâàòåëüíîñòü {ξn} óäîâëåòâîðÿåò óñëîâèþ ϕ�ïåðåìå-øèâàíèÿ ñ êîý��èöèåíòîì ïåðåìåøèâàíèÿ ϕ(n), òîa) ES1(X1, ..., Xk) = 0;b) ES2(X1, ..., Xk) = (k − 1)g2 + O(β2k2ϕ

1

2 (p));
) ES3(X1, ..., Xk) = (k − 2)g3 + O(β2k3ϕ
1

2 (p));d) ES4(X1, ..., Xk) = (k − 3)g4 + (k−3)(k−4)
2

g2
2 + O(β2k4ϕ

1

2 (p)).Ä î ê à ç à ò å ë ü ñ ò â î. a) ES1(X1, ..., Xk) = E k
∑

j=1

Xj = 0.b) Â ñóììå ES2(X1, ..., Xk) èìååòñÿ k − 1 ñëàãàåìîå âèäà EXjXj+1 = g2 è
(k − 1)(k − 2)/2 ñëàãàåìûõ âèäà EXjXl, l > j + 1, êàæäîå èç êîòîðûõ ïî ëåììå3 íå ïðåâîñõîäèò 2ϕ

1

2 (p)‖Xj‖2‖Xl‖2 == 2β2ϕ
1

2 (p), ÷òî äàåò íàì íóæíóþ îöåíêóäëÿ ES2(X1, ..., Xk). Ñîîòíîøåíèå 
) äîêàçûâàåòñÿ àíàëîãè÷íî ñ ó÷åòîì òîãî,÷òî |Xj| ≤ 2 ïðè âñåõ j .d) Â ñóììå ES4(X1, ..., Xk) èìååòñÿ k − 3 ñëàãàåìûõ âèäàEXjXj+1Xj+2Xj+3 = g4 è (k − 3)(k − 4)/2 ñëàãàåìûõ âèäà EXjXj+1XlXl+1,

l > j+2, êàæäîå èç êîòîðûõ ïî ëåììå 3 ðàâíî g2
2 +O

(

β2ϕ
1

2 (p)
). Âñå ïðî÷èå ñëà-ãàåìûå èìåþò âèä EXiXjXkXl, ãäå ëèáî j > i+1, ëèáî l > k+1; ïî ëåììå 3 òàêèåñëàãàåìûå ðàâíû O

(

β2ϕ
1

2 (p)
), à êîëè÷åñòâî ýòèõ ñëàãàåìûõ ðàâíî C4

k−(k−3)−
−(k − 3)(k − 4)/2 = O (k4) . Ñêàçàííîå äîêàçûâàåò óòâåðæäåíèå d).



10 À.�. �ðèíü. Àñèìïòîòè÷åñêîå ðàçëîæåíèå...Ëåììà 7. Ïóñòü n = kp. Åñëè E|ξ1|5 < ∞, è ∞
∑

j=1

jϕ
1

2 (j) < ∞, òî ñóùåñòâóåò
ε > 0 òàêîå, ÷òî ïðè |t| ≤ ε

√
ka)

f1(t) = exp

{

− t2

2k
+

t4γ4

4!σ4
1nk

+ θ1

(

t4

n2
+

|t|5

k
5

2

)}

; (8)b)
|g∗

l | ≪
t4

n2
+

|t|5

k
5

2

, g∗
l = f−l

1 gl, l = 2, 3, 4. (9)Ä î ê à ç à ò å ë ü ñ ò â î. a) Â ñèëó ëåììû 5
ln f1(t) =

4
∑

l=1

(it)lγl(Tp)

l!σl
n

+ r4(t) = − t2

2k
+

t4γ4

4!σ4
1nk

+ θ2
t4

n2
+ r4(t), (10)ãäå

r4(t) =
t5

5!

(

d5

dt5
ln f1(t)

)

t=c

, c ∈ (0, t).Ïðîèçâîäíóþ (

d5

dt5
ln f1(t)

)

t=c
ìîæíî ïðåäñòàâèòü â âèäå äðîáè ñî çíàìåíàòå-ëåì f 5

1 (c), à ñëàãàåìûå â ÷èñëèòåëå ÿâëÿþòñÿ ïðîèçâåäåíèÿìè ïðîèçâîäíûõ
f

(l)
1 (c), l = 0, 1, ..., 5, ñóììàðíûé ïîðÿäîê êîòîðûõ ðàâåí 5 (ñ÷èòàåì f

(0)
1 (c) =

f1(c)). Òàê êàê ïðè |t| ≤ ε
√

k

|f1(t) − 1| ≤
t2σ2

p

2σ2
n

≤ ε2

2
,òî ïðè äîñòàòî÷íî ìàëûõ ε |f1(c)| ≥ 1

2
. Äàëåå ñ ó÷åòîì ëåììû 4 ïîëó÷àåì

|f (l)
1 (c)| ≤ E|Tp|l

σl
n

≪
(

σp

σn

)l

= k− l
2 .Îòñþäà ñëåäóåò, ÷òî |r4(t)| ≪

(

|t|√
k

)5 è èç (10) ñëåäóåò òåïåðü (8).b) Íåòðóäíî ïîäñ÷èòàòü, ÷òî g∗
2 = f−2

1 f2 − 1, g∗
3 =

(

f−3
1 f3 − 1

)

− 2g∗
2 − g∗∗

2 ,
g∗
4 =

(

f−4
1 f4 − 1

)

− 2g∗
3 − 2g∗∗

3 + 3g∗
2 + 2g∗∗

2 + g∗∗∗
2 , ãäå

g∗∗
2 = EX1X3, g∗∗∗

2 = EX1X4, g∗∗
3 = f−3

1 E exp {it(Q1 + Q2 + Q4)} − 1.Ïðåäñòàâèâ âñå âõîäÿùèå â ýòè âûðàæåíèÿ õàðàêòåðèñòè÷åñêèå �óíêöèè â âèäå(8) è âîñïîëüçîâàâøèñü ñïðàâåäëèâûì ïðè ëþáîì êîìïëåêñíîì z íåðàâåíñòâîì
| exp{z} − 1| ≤ |z| exp{|z|}, ïîñëåäîâàòåëüíî îöåíèì g2, g3, g4; ïðè |t| ≤ ε

√

k/lïîëó÷èì
|g∗

l | ≪
∣

∣

∣

∣

exp

{

θ3l

(

t4

n2
+

|t|5

k
5

2

)}

− 1

∣

∣

∣

∣

≪ t4

n2
+

|t|5

k
5

2

, l = 2, 3, 4.Ëåììà äîêàçàíà.
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Uj = σ−1

n

p−2q
∑

l=1

ξ(j−1)p+q+l, Vj = σ−1
n

q
∑

l=1

(ξ(j−1)p+l + ξjp−q+l),

u = u(t) = E exp{itU1}, v = v(t) = E exp{itV1}.Òîãäà Qj = Uj + Vj , Xj = Yj + Zj, j = 1, 2, ..., ãäå
Yj = (exp{itUj} − u)v, Zj = exp{itUj}(exp{itVj} − v) + uv − f1,òàê ÷òî

Fk(z) = E k
∏

j=1

(f1 + z (Yj + Zj)) . (11)Ëåììà 8.
|Fk(z)| ≤

{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}

k
2 + 16ρϕ(q)Bk, (12)ãäå δ2 = 1 − |v|2, ρ = |z| ≥ 1, à

Bk =

k−1
∑

l=2

‖
l−1
∏

j=1

(f1 + zXj)‖∞
{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}

k−l−1

2 +

+‖
k−1
∏

j=1

(f1 + zXj)‖∞
{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}

k−2

2 .Ä î ê à ç à ò å ë ü ñ ò â î.Òàê êàê EYj = 0, |Yj| ≤ 2, òî ñ ïîìîùüþ ëåììû 3 ïðè 1 < l < k ïîëó÷àåì
|E l−1
∏

j=1

(f1 + zXj)zYl

k
∏

j=l+1

(f1 + zZj)| ≤

≤ |E l−1
∏

j=1

(f1 + zXj)EzYl

k
∏

j=l+1

(f1 + zZj)|+

+4ρϕ(q) ‖
l−1
∏

j=1

(f1 + zXj)‖∞ ‖
k
∏

j=l+1

(f1 + zZj)‖1 ≤

≤ 4ρϕ(q)|E l−1
∏

j=1

(f1 + zXj)| · ‖
k
∏

j=l+1

(f1 + zZj)‖1+

+4ρϕ(q) ‖
l−1
∏

j=1

(f1 + zXj)‖∞ ‖
k
∏

j=l+1

(f1 + zZj)‖1 ≤

≤ 8ρϕ(q) bl, bl = ‖
l−1
∏

j=1

(f1 + zXj)‖∞ ‖
k
∏

j=l+1

(f1 + zZj)‖1. (13)
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b1 = ‖

k
∏

j=2

(f1 + zZj)‖1, bk = ‖
k−1
∏

j=1

(f1 + zXj)‖∞.Ïðèìåíÿÿ ïîñëåäîâàòåëüíî ñîîòíîøåíèå (13), èç (11) ïîëó÷àåì
|Fk(z)| ≤ |E k−1

∏

j=1

(f1 + zXj)zYk| + |E k−1
∏

j=1

(f1 + zXj)(f1 + zZk)| ≤

≤ |E k−1
∏

j=1

(f1 + zXj)(f1 + zZk)| + 8ρϕ(q)bk ≤ ... ≤

≤ |E k
∏

j=1

(f1 + zZj)| + 8ρϕ(q)

k
∑

l=1

bl. (14)Èìååì E r
∏

j=1

|f1 + zZj | ≤
(E∏

j≥1

′|f1 + zZj |2 · E∏
j≥2

′′|f1 + zZj |2
)

1

2

, (15)ãäå ∏ ′ è ∏ ′′ îáîçíà÷àþò ïðîèçâåäåíèÿ ïî íå÷åòíûì è ÷åòíûì èíäåêñàì ñîîò-âåòñòâåííî. Òàê êàê EZ1 = 0, òîE|Z1|2 ≤ E|Z1 − uv + f1|2 = E| exp{itV1} − v|2 = 1 − |v|2 = δ2.Ïðèìåíÿÿ ïîñëåäîâàòåëüíî ñîîòíîøåíèå (4) è ó÷èòûâàÿ, ÷òî ïðè ρ ≥ 1,
a = |f1|2 − 2Rezf1(uv − f1) èìååò ìåñòî ||f1 + zZj |2 − a| ≤ 4ρ2, ïîëó÷àåìE∏

j≥1

′|f1 + zZj |2 ≤
(E|f1 + zZ1|2 + 8ρ2ϕ(p)

)E∏
j≥3

′|f1 + zZj |2 ≤ ...

≤
{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}[ r+1

2 ]
. (16)Àíàëîãè÷íî E∏

j≥2

′′|f1 + zj|2 ≤
{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}[ r

2 ] . (17)Èç (15), (16) è (17) ñëåäóåòE r
∏

j=1

|f1 + zZj | ≤
{

1 − β2 + ρ2δ2 + 8ρ2ϕ(p)
}

r
2 . (18)Èç (14) è (18) âûòåêàåò óòâåðæäåíèå ëåììû.



Ìàòåìàòè÷åñêèå ñòðóêòóðû è ìîäåëèðîâàíèå. 2009. Âûï. 19. 134. Îñíîâíûå ðåçóëüòàòûÒåîðåìà 1. Ïóñòü {ξn} � ñòàöèîíàðíàÿ ïîñëåäîâàòåëüíîñòü ñ ñèììåòðè÷-íûì ðàñïðåäåëåíèåì è ýêñïîíåíöèàëüíî áûñòðûì ϕ�ïåðåìåøèâàíèåì è ïóñòüE|ξ1|5 < ∞ è âûïîëíåíî óñëîâèå (1). Òîãäà
Fn(x) = Φ(x) +

γ4(3x − x3)

4!
√

2πσ4
1n

exp

{

−x2

2

}

+ O
(

n− 6

5

)

.Äëÿ äîêàçàòåëüñòâà ïîòðåáóåòñÿ åùå íåñêîëüêî ëåìì.Ëåììà 9. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ñóùåñòâóåò ε > 0 òàêîå, ÷òî
f ∗

n(t) = E exp

{

itTn

σn

}

= exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ4

(

t4 + |t|5

n
6

5

)}

, (19)ãäå |t| ≤ ε
√

k, k = k(n) = [na] , a = 1 − 1
6
√

5
≈ 0, 235.Ä î ê à ç à ò å ë ü ñ ò â î.Åñëè |t| ≤ n−2, òî, ïîëîæèâ â (8) p = n, k = 1, ïîëó÷èì

fk(t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ5
t4

n2

}

,îòêóäà ñëåäóåò (19).Ïóñòü òåïåðü n−2 ≤ |t| ≤ ε
√

k. Ïîëîæèì
q =

[

n0,5−a
]

, p =
[

n1−a
]

, n = kp.Àíàëîãè÷íî (10) íåòðóäíî ïîëó÷èòü
ln |v(t)|2 = −2t2q

n
+ θ6

t4q2

n2
∼ −t2q

n
∼ |v(t)|2 − 1, n → ∞,îòêóäà ïðè äîñòàòî÷íî áîëüøèõ n âûâîäèì

δ2 = 1 − |v|2 ≤ 3t2q

n
, δ2 ≥ t2q

n
≥ q

n5
, (20)

β2 = E |exp {itX1} − f1|2 ≤ E |exp {itX1} − 1|2 ≤
t2σ2

p

σ2
n

≤ 1

2
. (21)Ïîëîæèâ â (6) è (7) l = 4, ñ ïîìîùüþ ëåììû 6 ïîëó÷àåì

fk(t) = fk
1 (t)

{

1 + (k − 1)g∗
2 + (k − 2)g∗

3 + (k − 3)g∗
4+

+
(k − 3)(k − 4)

2
(g∗

2)
2 + θ7β

2k4ϕ
1

2 (p)

}

+ R4, (22)
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|R4| =

∣

∣

∣

∣

∣

∣

∣

1

2πi

∫

|z|=ρ

Fk(z) dz

(z − 1) z5

∣

∣

∣

∣

∣

∣

∣

≤ (ρ − 1)−1ρ−5 sup
|z|=ρ

|Fk(z)|, |ρ| > 1. (23)Ïîëîæèì â (12) ρ2 =
1 − β2

kδ2
. Ïðè äîñòàòî÷íî ìàëûõ ε è äîñòàòî÷íî áîëüøèõ nñ ïîìîùüþ (20), (21), (23) è ëåììû 8 ïîëó÷àåì

ρ−2 = (1 − β2)−1kδ2 ≤ 6
kqt2

n
≤ 6ε2k2qn−1 ≤ 1

4
, ρ2 ≤ n5

qk
≤ n5

16
.

|R4| ≤ 90fk
1

(

kq

n

)
5

2

|t|5
(

1 +
1

k
+ n5ϕ(p)

)
k
2

+ 16t4n9ϕ(q)Bk ≪

≪ fk
1

( |t|√
n

)5

+ t4n9ϕ(q)Bk, (24)ãäå
Bk ≤ k(1 + 2ρ)k

(

1 +
1

k
+ n5ϕ(p)

)
k
2

≪ k(1 + n3)k. (25)Ïî óñëîâèþ ϕ(n) ≤ exp{−αn}, è òàê êàê k lnn = o(q), òî èç (25) ñëåäóåò
n9ϕ(q)Bk ≪ exp

{

9 lnn + k ln(1 + n3) − αq
}

∼ exp {−αq} ,è ñîîòíîøåíèå (24) ìîæíî ïåðåïèñàòü òàê:
|R4| ≪ fk

1

( |t|√
n

)5

+ t4 exp {−αq} . (26)Èç (22) ñ ïîìîùüþ (9), (21), è (26) ïîëó÷àåì
fk(t) = fk

1 (t)

{

1 + θ8

(

kt4

n2
+

|t|5

k
3

2

)}

+ θ9t
4 exp {−αq} . (27)Äàëåå, èç (8) ñëåäóåò

fk
1 (t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ1

(

kt4

n2
+

|t|5

k
3

2

)}

, (28)îòêóäà ñ ïîìîùüþ (27) âûâîäèì
fk(t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ10

(

kt4

n2
+

|t|5

k
3

2

)}

+ θ9t
4 exp {−αq} . (29)Íåòðóäíî âèäåòü, ÷òî åñëè |t| ≤ ε

√
k, òî ïðè äîñòàòî÷íî ìàëûõ ε > 0

exp {−αq} = o

(

n−2 exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ |θ10|
(

kt4

n2
+

|t|5

k
3

2

)})

,
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fk(t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ11

(

kt4

n2
+

|t|5

k
3

2

)}

. (30)Áóäåì ñ÷èòàòü (30) ïåðâîé èòåðàöèåé äëÿ fk(t). Îáîçíà÷èì
k1 = k1(n) = k(p) = [pa]. Çàìåíèâ â (30) n íà p, k íà k1, ïîëó÷èì

f1

(

t
σn

σp

)

= exp

{

−t2

2
+

t4γ4

4!σ4
1p

+ θ12

(

k1t
4

p2
+

|t|5

k
3

2

1

)}

, |t| ≤ ε
√

k1,îòêóäà
f1(t) = exp

{

− t2

2k
+

t4γ4

4!σ4
1nk

+ θ13

(

k1t
4

n2
+

|t|5

k
5

2 k
3

2

1

)}

, |t| ≤ ε
√

kk1.Îòñþäà, ïîâòîðèâ äîêàçàòåëüñòâî ëåììû 7, ìîæíî ïîëó÷èòü
|g∗

l | ≪
k1t

4

n2
+

|t|5

k
5

2 k
3

2

1

, l = 2, 3, 4.Åñëè òåïåðü ïðîâåñòè ïðèâåäåííûå âûøå ðàññóæäåíèÿ íàñòîÿùåé ëåììû ñ èñ-ïîëüçîâàíèåì äâóõ ïîñëåäíèõ ñîîòíîøåíèé âìåñòî (8) è (9), òî ìîæíî ïîëó÷èòüâòîðóþ èòåðàöèþ äëÿ fk(t) :

fk(t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ14

(

kk1t
4

n2
+

|t|5

(kk1)
3

2

)}

, |t| ≤ ε
√

k,è ò.ä. Ïîñëå øåñòîé èòåðàöèè ïîëó÷èì
fk(t) = exp

{

−t2

2
+

t4γ4

4!σ4
1n

+ θ15

(

Kt4

n2
+

|t|5

K
3

2

)}

, |t| ≤ ε
√

k, (31)ãäå K = kk1k2k3k4k5 ∼ nA, A = a
5
∑

l=0

(1 − a)l = 1 − (1 − a)6 = 4
5
.Èç (31) ñëåäóåò òåïåðü óòâåðæäåíèå ëåììû â ñëó÷àå, êîãäà n = kp.Ïóñòü òåïåðü n = kp + r, 0 ≤ r < n. Ââåäåì Qj , j = 1, ..., k ïî �îðìóëàì (5)è ïîëîæèì

Q̃k+1 = σn
−1

r
∑

l=1

ξkp+l, f̃1(t) = E exp{itQ̃k+1}, X̃k+1 = exp
{

itQ̃k+1

}

− f̃1.Íåîáõîäèìûå èçìåíåíèÿ â äîêàçàòåëüñòâå ðàâåíñòâà (19) äîñòàòî÷íî ïðîçðà÷-íû: ãëàâíîå - äëÿ fk
1 f̃1 ñîõðàíÿåòñÿ òî æå ïðåäñòàâëåíèå, ÷òî è äëÿ fk

1 â (28),à íîâûå (ïî ñðàâíåíèþ ñ ESl(X1, ..., Xk)) ñëàãàåìûå â ESl(X1, ..., Xk, X̃k+1) è¾ëèøíèé¿ (ïî ñðàâíåíèþ ñ Fk(z)) ñîìíîæèòåëü â E k
∏

j=1

(f1 + zXj) (f̃1 + zX̃k+1)îöåíèâàþòñÿ â îáùåì òàê æå, êàê è ñòàðûå. Äîêàçàòåëüñòâî îñòàåòñÿ ïðèíöè-ïèàëüíî òåì æå, õîòÿ è áîëåå ãðîìîçäêèì.
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√

k ≤ |t| ≤ ε
√

n, ε > 0.

|f ∗
n(t)| ≤ exp

{

−bt2
}

, b > 0.Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü kp ≤ n < (k + 1)p. Èñïîëüçóÿ çàìå÷àíèå 2è ëåììó 1, àíàëîãè÷íî (18) ïîëó÷àåì
|f ∗

n(t)| ≤
∣

∣

∣

∣

∣

E k
∏

j=1

cos (tQ1)

∣

∣

∣

∣

∣

≤
(Ecos2 (tQj) + 2ϕ(p)

)
k
2 ≤

≤
{

1 + f1(2t)

2
+ 2ϕ(p)

}
k
2

. (32)Ïóñòü k = k(n) =
[

t2

N

]

, p =
[

n
k

]

. Òîãäà p = p(n) ∼ nN
t2

≥ N
ε2 . Â ñèëó ëåììû 9

f1(2t) ≍ exp

{

−2t2

k

}

∼ exp {−2N} ,òàê ÷òî N > 0 ìîæíî ïîäîáðàòü òàê, ÷òîáû 2ϕ(p) < 1
8
, f1(2t) < 1

4
, è èç (32)ñëåäóåò òåïåðü

|f ∗
n(t)| ≤

(

3

4

)
k
2

∼ exp

{

−(ln 4 − ln 3)

2N
t2
}

.Ëåììà 11. Ïðè |t| ≥ ε
√

n

|f ∗
n(t)| ≤ µn, 0 < µ < 1.Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè èìååò ìåñòî (1), òî äëÿ ëþáîãî ε > 0íàéäåòñÿ τ < 1 òàêîå, ÷òî |E exp {itξ1}| = |E cos {itξ1}| ≤ τ, |t| ≥ ε

2
(ñì.,íàïðèìåð, [2, 
. 22℄). Âûáåðåì íàòóðàëüíîå p òàê, ÷òîáû 2ϕ(p) < (1 − τ)/8.Òîãäà â ñèëó ëåìì 3 è 1

|f ∗
n(t)| =

∣

∣

∣

∣

∣

E n
∏

j=1

cos
{

itσ−1
n ξj

}

∣

∣

∣

∣

∣

≤ E [n
p ]
∏

j=1

∣

∣cos
{

itσ−1
n ξjp

}
∣

∣ ≤

≤
(E ∣∣cos

(

tσ−1
n ξ1

)
∣

∣+ 2ϕ(p)
)[n

p | ≤
(

√

1 + τ

2
+ 2ϕ(p)

)[n
p |

≤

≤
(

1 − 1 − τ

8

)[n
p |

, |t| ≥ εσn|t|.Èç ïîñëåäíåãî ñîîòíîøåíèÿ ñëåäóåò óòâåðæäåíèå ëåììû.
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5 è âîñïîëüçîâàâøèñü äëÿ îöåíêè |f(t) −
g(t)| ïðè |t| ≤ ε
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5 � ëåììîé 11, ïîëó÷èìóòâåðæäåíèå òåîðåìû.
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